Experimental quasi-1D capillary-wave turbulence
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Abstract — Wave turbulence in quasi-1D geometry is usually not investigated experimentally
since low-order resonant wave interactions are theoretically prohibited. Here, we report on the
first observation of unidirectional capillary-wave turbulence on the surface of a fluid in a canal.
We also show that five-wave interactions are the lowest-order resonant process subsisting at small
scales, and are thus probably the one generating such quasi-1D capillary wave turbulence. We
show that the wave spectrum is compatible with the corresponding dimensional analysis prediction.
The main assumptions of weak turbulence theory are also verified experimentally. Quasi-1D wave
turbulence could be thus highlighted in other fields of wave turbulence.

Introduction. — Wave turbulence is a phenomenon
occurring within a large number of random nonlinear in-
teracting waves [1-3]. These nonlinear interactions lead
to an energy cascade from a large (forcing) scale down
to a small (dissipative) scale, predicted by weak turbu-
lence theory (WTT). These predictions have been ap-
plied in many different domains such as ocean surface
waves, plasma waves, hydroelastic or elastic waves, in-
ternal waves, and optical waves [1-3]. This theory has
then been assessed experimentally in various wave sys-
tems propagating in 2D or 3D [4-9], but rarely in 1D since
generally no low-order resonant wave interactions are ex-
pected theoretically in this geometry [2]. To our knowl-
edge, the unique experimental study concerns 1D nonlin-
ear optics focusing only on inverse cascade towards large
scales [10]. For capillary waves on the surface of a fluid,
the WTT [11,12] is rather well confirmed experimentally
in 2D (see review [13]), whereas for a unidirectional prop-
agation, the theory forbids low-order wave resonant inter-
actions [2,14], and thus a wave turbulence regime. Never-
theless, a quasi-1D capillary wave turbulence regime has
been recently reported numerically [15]. An experimental
observation of such a regime would pave the way to other
fields of wave turbulence due to easier calculations, and
measurements in 1D geometry.

In this letter we report the first observation of quasi-1D
capillary-wave turbulence on the surface of a low-viscous
fluid (mercury). With this specific fluid, a weak nonlin-
earity is sufficient to reach a wave turbulence regime with-
out coherent structures. Using high-order correlations of
wave elevations, we quantify the occurrence of three-, four-
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, and five-wave interactions. Although quasi-resonant in-
teractions are observed at low orders, five-wave resonant
interactions are found to be the lowest-resonant order sub-
sisting in the capillary range, and are thus probably the
mechanism generating the observed 1D capillary-wave tur-
bulence. This differs from the usual 2D capillary-wave tur-
bulence involving three-wave resonant interactions [2, 11].
We also show that the wave spectra in frequency and in
wavenumber are compatible with the corresponding di-
mensional analysis predictions. Moreover, the energy flux
cascading towards small scales is roughly found to be con-
stant as expected, and the main WTT assumptions are
verified experimentally. Note that this 1D wave turbulence
differs basically from 1D integrable turbulence (involv-
ing coherent structures such as solitons within stochas-
tic waves) [16], recently observed [17]. Note also that an
idealized 1D model of wave turbulence showed strong de-
viations from the WTT due to these coherent structures
[14,18]. Moreover, our results should not be confused with
the existence of unidirectional resonant interaction high-
lighted in 2D gravity-capillary wave turbulence, near the
gravity-capillary crossover [19].

Theoretical backgrounds. — The dispersion rela-
tion of linear deep-water gravity-capillary surface waves
reads w? = gk + (v/p)k3, with w = 27f the angu-
lar frequency, k& the wave number, g the acceleration
of gravity, 7 the surface tension, and p the liquid den-
sity [20]. The theoretical crossover between the grav-
ity and capillary regimes occurs for kye = +/pg/vy and
foe = (¢°p/7)"/*/(v/27) [21]. Both contributions coexist
near fg. [13], and we denote f. the frequency from which
gravity becomes negligible (see below). In the two limits
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Fig. 1: Experimental setup. The wave elevation, n(t), is mea-
sured at a single point using a capacitive wire gauge, and re-
solved in space and time, n(z,t), with a lateral camera. Inset:
typical wave elevation signal 7(t) for e = 0.06.

of weak nonlinearity and infinite system, WTT predicts a
wave spectrum cascading from large to small scales. The
energy transfers between waves occur due to a N-wave
resonant interaction process, N being fixed by the geom-
etry and the wave system considered [2]. For 1D gravity
waves, WTT predicts that N = 5 [22]. For 1D capillary
waves, no prediction exists up to now. In 1D, a N-wave
resonant interaction process requires to satisfy
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where k; and w; take positive values, N > 3, and w; =
w(k;). No nontrivial solution of Eq. (1) exists with N = 3
or 4 for 1D capillary waves, i.e., for w(k;) = «/v/pkf/Q.
Nonlinearity can broaden the dispersion relation autho-
rizing other possible interactions (called quasi-resonant in-
teractions) as
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where J,, is a constant corresponding to the nonlinear
wave frequency broadening. It is important to empha-
size that WT'T needs resonant interactions to build wave
turbulence: even if quasi-resonant interactions occur at
some specific order, the nonlinear process generating wave
turbulence corresponds to the lowest nonlinear order for
which resonant interactions exist, as a consequence of
the change of canonical variables [1,2]. In the particular
case where resonant interactions are absent (e.g., by nu-
merically truncating to a specific nonlinear order), quasi-
resonances can generate an energy cascade [15].

Using dimensional analysis [15,23], one can predict the
power spectra of the wave elevation for capillary waves for
a N-wave process as
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where (P) is the mean cascading energy flux supposed con-
stant. The nondimensional (Kolmogorov-Zakharov) con-
stant of Eq. (3) is denoted C%, and C%, with C¥, =
%C}J(Z. Note that the capillary wave spectrum was de-
rived exactly in 2D with N = 3 [11] but not in 1D to
our knowledge. To obtain analytically such spectrum, the
kinetic equation could be derived following the weak tur-
bulence assumptions and methods described in [1-3]. To
do so, since the first nonlinear orders (N =3 and N = 4)
vanish in 1D for w ~ k3/2, the leading nonlinear order is
then NV = 5. The constant energy flux, out-of-equilibrium,
stationary solution of this kinetic equation should provide
the Kolmogorov-Zakharov wave spectrum corresponding
to the energy cascade through scales. Note that the local-
ity hypothesis (i.e., the convergence of the collision inte-
gral in the kinetic equation on the solution found) should
be also fulfilled, otherwise corrections could arise [2]. Such
theoretical work is beyond the scope of our experimental
study, and thus only dimensional predictions and numer-
ical analysis are used here. Our predictions of Eq. (3)
for N = 5 yield to S,(k) ~ k% and S,(w) ~ w” with
a=-27/8 and = —31/12.

Experimental setup. — Experiments were per-
formed in a rectangular transparent plexiglass canal of
length L = 15 cm and width L, = 2 cm (see Fig. 1).
This canal is filled up to a depth h = 2 cm. A shaker
located at an extremity generates waves in a narrow ran-
dom frequency bandwidth fo + Af with fo = 3.5 Hz and
Af = 1.5 Hz. This randomness triggers wave interac-
tions needed for building wave turbulence, contrary to a
monochromatic forcing, Af = 0 (see Supp. Mat. [24]).
The wave propagation is unidirectional along x due to the
geometry of the system (L > L,) but since the wave en-
ergy is distributed in the 2D space (x and y), we talk about
quasi-1D waves. Wave elevation 7(t) is measured at a sin-
gle point over time using a home-made capacitive wire
gauge (10 pm vertical resolution and 2 kHz sampling fre-
quency leading thus to a maximum observable frequency
fm = 1 kHz) [21]. A typical example of n(t) is plotted
in the inset of Fig. 1, the forcing scales are clearly visible
whereas higher scales are embedded within the observed
nonlinearities. A space-and-time resolved wave-field mea-
surement, 7(z, t), is reached using a lateral camera (Basler
- 200 fps) filming a 9 cm side view with horizontal and ver-
tical resolutions of 38 um. The wave elevation is monitored
for both measurements during 7 = 15 min.

We perform experiments with mercury (density p =
13500 kg/m3, surface tension v = 400 mN/m and kine-
matic viscosity v = 1077 m?2/s). Its low viscosity is needed
to minimize capillary wave dissipation to observe wave
turbulence (using water instead leads to a cascade on a
smaller inertial range). Its unwetting property also avoids
the upward meniscus on the lateral wall that would hide
the wave profile visualized by the camera.

To quantify the nonlinearity, we measure the wave
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Fig. 2: Full spatio-temporal spectrum Sy (k,w). Wave steep-
ness € = 0.06. Solid line: theoretical gravity-capillary dis-
persion relation w(k). Dashed line: spread dispersion relation
w(k) £ 6, with 6, = 40 Hz. White rectangle: forcing range
between 2 and 5 Hz. Inset: same for ¢ = 0.03. Log colorbar.

steepnesses are used here, ¢ < 0.06, to validate the WTT
assumption of weak nonlinearity.

Energy cascade. — From spatio-temporal measure-
ments we perform space-time Fourier transforms to reach
the full power spectrum S, (k,w) of wave elevations (see
Fig. 2). We observe that the energy injected at large scales
(see white rectangle in Fig. 2) is transferred to small scales
following well the dispersion relation. In addition, the en-
ergy is found to be redistributed around the dispersion
relation due to nonlinearities with a nonlinear spectral
broadening d,. This broadening is estimated for each
k, by fitting the corresponding spectrum S, (k,w) by a
Gaussian function of w. The standard deviation of this fit
gives an estimate of d,, whose average over the k values
is 0, = 40 Hz (see dashed lines on Fig. 2). Note that no
coherent structures appear on the dispersion relation such
as bound waves [26] or solitons [27].

Figure 3 shows the frequency power spectrum S,(w)
computed from the single-point measurement. The in-
jected energy at large scales cascades first for f < fg. ~ 17
Hz with visible forcing harmonics. For f 2 f., we observe
a frequency power-law cascade on a decade in the capil-
lary range. We measure that the cascade fits in f—27+0-2
which is found to be in good agreement with predictions
in f=31/12 of Eq. (3) with N = 5 (see solid line in Fig.
3). The exponent uncertainty is estimated by slightly
changing the fitting frequency range. Note that predic-
tions of Eq. (3) with N = 3 (respectively, N = 4) leads
to spectrum exponents in f~17/6 and k—15/4 (respectively,
in f=%% and k~"/?) which could be also compatible with
the experimental ones. However, no resonant wave inter-
action is involved theoretically in the capillary regime at
these orders (N = 3 and N = 4). Note also that the ex-
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Fig. 3: Frequency spectra Sy(f) for ¢ = 0, 0.006, 0.03, and
0.06 (from bottom to top). Bottom curve: experimental noise
(no forcing). Grey area: forcing bandwidth. Dash-dotted line:
f727 best fit. Solid line: predictions in f~3/12 of Eq. (3) with
N = 5. Inset: Wavenumber spectrum Sy(k) for ¢ = 0.06.
Dash-dotted line: k=32 best fit. Solid line: predictions in
k=%7/8 of Bq. (3) with N = 5.
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perimental power law is slightly steeper (f~3-3%0-2) within
[ € [fges fe] Hz. Indeed, in this intermediate range, both
capillarity and gravity contributions are important and
deeply entangled so that no prediction exists either dimen-
sionally or by WT'T [13], contrary to pure capillary regime
(f 2 fc) where the gravity contribution to the dispersion
relation is negligible (< 5%). Using the spatio-temporal
measurement averaged on time, we plot the wavenum-
ber spectrum Sy (k) in the inset of Fig. 3. The capillary
cascade fits in k~32792 also close to the predictions in
k=27/8 of Eq. (3) with N = 5. Using S,,(k)dk = S, (w)dw,
w(k) ~ k32, and assuming S, (k) ~ k%, and S, (w) ~ w?,
one has 2a/[35 4+ 1] = 1. The experimental ratio leads
to 0.90 £ 0.13, showing thus consistency between the fre-
quency and wavenumber spectra. The smaller inertial
range for S, (k) compared to S, (w) is usual in wave tur-
bulence [25,26]. It is linked, using the dispersion relation,
to the lower frequency resolution of the camera than the
wire gauge one.

We focus now on the energy flux cascading through the
scales. It is estimated by P(w*) = [fm E(w)'(w)dw, us-
ing the total wave energy F = ¢S,(w) + (v/p)k?*S,(w)
and the viscous dissipation rate of energy I' = ky/vw/2
for a contaminated interface [28]. Figure 4 shows that the
flux P is almost constant in the inertial range [fgc, faiss)
as expected theoretically. The temporal evolution of the
Fourier modes S, (w, t) is plotted in the inset of Fig. 4. The
energy cascade is found to be stationary and continuous
over the frequency scales (as also observed in Fig. 3). No
strong fluctuation occurs confirming the absence of coher-
ent structures. The energy injected at the forcing scales
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Fig. 4: Evolution of the energy flux P with the frequency f
for e = 0.006, 0.03, and 0.06 (from bottom to top). Grey area:
forcing bandwidth. Averaged P values (between fgc and faiss):
(P) =2.04, 2.19 and 2.53 1077 m®s™%. Inset: Time-frequency
plot of Sy (w,t) using a temporal step d; = 0.50 s and € = 0.06.
Log colorbar.

thus cascades continuously over scales as expected by wave
turbulence. Knowing the value of (P) = fffcd P(w)dw, we
can thus infer experimentally the Kolmogorov-Zakharov
constant C% , using the spectrum fit in Fig. 3 and Eq. (3)
with N = 5. One finds C%., = 3C% /2 = (5.440.2) 1073.
Note that this constant is smaller than the ones measured
and predicted for 2D capillary wave turbulence [28]. For
instance, using Eq. (3) with N =3 (2D) and N =5 (1D),
one expects O ~ C%1) /23 for the same magnitude of
the spectra, and typical values of k& = 3 10°> m~! and
(P) =107 m3s73.

Wave interactions. — We discuss now the role of
nonlinear wave interactions. In a 1D pure capillary regime,
no nontrivial resonant interaction exists for N = 3 or 4
(i.e., Eq. (1) has no nontrivial solutions with N = 3 or
4 with w(k) = (v/p)'/?k3/?) [2,14,15]. However, quasi-
resonances can exist at these low orders (i.e., Eq. (2) with
N = 3 or 4 has solutions) in a 1D pure capillary regime
due to the nonlinear spreading of the dispersion relation
(see Fig. 2) [15].

First, we experimentally quantify three-wave interac-
tions (i.e., k1 + ko = ks) by computing the normalized
third-order correlation in k& of the wave elevations, called
bicoherence [19, 29]

|<77;1 77;2 nk1+kz>|
\/<|77k1 Mk |2><|77k1+k2 |2>

where * denotes the complex conjugate, the normalization
being chosen to bound B between 0 (no correlation) and
1 (perfect correlation). Figure 5 shows B(ky, k2) for fixed
e = 0.06 (see Supp. Mat. [24] for other values). The results
are in agreement with the predictions for the resonance lo-

B(k1, ko) =

(4)
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Fig. 5: Bicoherence B(k1,k2) for € = 0.06. Solid line: reso-
nant interaction solutions of Eq. (1) with N = 3 and w? =
gk + (v/p)k®. Dashed line: borders of the quasi-resonant in-
teraction area, solutions of Eq. (2), N = 3 with §, = 40 Hz.
Log colorbar.

cation [see solid line, solution of Eq. (1) with N = 3] and
the quasi-resonance boundaries [see dashed lines, solutions
of Eq. (2) with N = 3]. These 1D solutions exist because of
the coexistence of the gravity and capillary regimes in the
dispersion relation. This probably explains why the fre-
quency spectrum in Fig. 3 is steeper in the range f € [fye,
fc] than in the pure capillary range (f > f.). Indeed, in
this pure capillary regime, no resonant solution of Eq. (1)
exists with N = 3 and w(k) = (v/p)"/?k%/2. This is ex-
perimentally confirmed since the bicoherence is observed
to vanish at large k. Thus, the three-wave resonant pro-
cess occurring in 1D near the gravity-capillary crossover
cannot generate wave turbulence in the pure 1D capillary
regime (f > f.).

To highlight four-wave interactions (i.e., k1 + ko = k3 +
k4), we compute the fourth-order correlation of the wave
elevations (or tricoherence) [30]

| <77}tl 77;277163 Mky+ko—ks >|
\/<|77k1 Nk |2> <|77k3 Nk1+ko—ks |2>

T(k1,ka, k) = (5)

Figure 6 shows T'(k1, k2, k3) for fixed ks and € = 0.06 (see
Supp. Mat. [24] for other values). It shows the occurrence
of a large number of four-wave quasi-resonances within
the area bounded by Eq. (2) with N = 4 and dw = 40
Hz (dashed lines). Note that four-wave pure resonances
of Eq. (1) with N = 4, are also observed (see solid lines
forming a cross centered on ki1 = ko = k). However,
they do not lead to energy transfers between waves since
k1 = ks and ko = k4, and are thus called degenerated or
trivial resonances. Note also that other resonant solutions
due to the gravity-capillary contribution appear close to
k1 = k3, k2 = 0 and to ka = ks, k1 = 0 (see small oblique
solid lines). These nontrivial solutions can theoretically
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Fig. 6: Tricoherence T'(k1, k2, k3) for fixed ks = 1000 m~! and
€ = 0.06 (2 <> 2). Solid lines: resonant interaction solutions
of BEq. (1) with N = 4 and w? = gk + (7/p)k®. Dashed lines:
borders of quasi-resonant interaction area, solutions of Eq. (2),
N = 4 with §,, = 40 Hz. Log colorbar.

lead to a cascade but they vanish in the pure capillary
regime (f > f. - see Supp. Mat. [24]).

To sum up, we observe low-order resonant interactions
(N = 3 and 4) near the gravity-capillary crossover but
they vanish in a pure capillary regime. Quasi-resonances
are also present at these orders but, according to WTT,
they are dynamically irrelevant to generate wave turbu-
lence and are dominated by resonant interactions existing
at the lowest order [2]. Tt is thus necessary to consider
higher-order exact resonances to understand the capillary
cascade observed for f > f. in Fig. 3. Equation (1) has in-
deed nontrivial solutions for N =5 in a 1D pure capillary
regime. This five-wave process is hence expected to be the
dominant one generating wave turbulence for f > f..

To verify the existence of five-wave interactions, we com-
pute the normalized fifth-order correlation in k of the wave
elevations, called quadricoherence. To our knowledge, this
correlation has never been used before to analyze wave tur-
bulence. Analogous to the above bi- and tricoherence used
to explore lower-order correlations, we define quadricoher-
ence as

0= L0, Ty e e T+ ko ks — k)| C®
V00 a0 |2 1100 1+ 3465 — e 2)

Figure 7 shows Q(k1, ke, ks, kyq) for fixed ks, k4 and

e = 0.06 (see Supp. Mat. [24] for other values). Quadri-
coherence shows the occurrence of a large number of
five-wave resonances (solutions of Eq. (1) with N = 5
and w? = gk + (v/p)k®, see white solid lines) and of
quasi-resonances within the area bounded by Eq. (2) with
dw = 40 Hz (see dashed lines). Resonant solutions for
N =5 in a pure capillary regime are also shown in Fig. 7
(magenta solid lines), by solving numerically Eq. (1) with
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Fig. 7: Quadricoherence Q(k1, k2, ks, k4) for fixed ks = 1000
m™, ks = 1500 m™" and € = 0.06 (3 «+ 2). Solid white
lines: resonant interaction solutions of Eq. (1) with N =5 and
w? = gk + (y/p)k®. Dashed lines: borders of quasi-resonant
interaction area, solutions of Eq. (2), N =5 with J, = 40 Hz.
Magenta solid lines: resonant interaction solutions of Eq. (1)
with N =5 and w? = (y/p)k>. Inset: same for k3 = 1000 m~*
and k4 = 2000 m~!. Log colorbar.

N =5 and w? = (y/p)k?, i.e., solving
k113/2 n k123/2 n k§/2 -~ ki/Q — (k1 4 ko + kg — ka)3/2. (7)

The lower agreement of the magenta curve with data is
due to the influence of the gravity regime on the small-
est wavenumber of the pentad. The presence of five-wave
resonances (see white solid line and green data) which
subsists theoretically and experimentally in the pure cap-
illary range (in contrast to N = 3 or 4) indicates that
the five-wave process is probably responsible for the cap-
illary wave turbulence observed in 1D. Such 1D system
thus strongly simplifies the problem since we only solved
Eq. (1) with N = 5, i.e., Eq. (7), to determine the location
of the exact resonances in the spectral space. Note that
the quadricoherence presented here refers to a 3 <+ 2 pro-
cess (i.e., k1 + ko + ks = kg + k5), the 4 +> 1 process (i.e.,
k1 + ko + ks + k4 = ks) is not relevant here since present
only in the gravity range.

We now check that the main assumptions of WT'T are
well validated experimentally.

Timescales. —
timescale separation

Tl(f) < Tnl(f) < [Tdiss (f) and Tdisc(f)] ) (8)

between the linear propagation time 7; = 1/w, the non-
linear interaction time 7,,;, the dissipation time 74;5s, and
the discreeteness time 74;5.. Satisfying Eq. (8) within the
whole inertial range of scales f, requires that the nonlinear
effects are slower than the linear ones and faster than dis-
sipation and discreeteness ones, hence a nonlinear cascade

Weak turbulence theory assumes a
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Fig. 8: Wave turbulence timescales versus the frequency scale.
Solid line: linear timescale 1/w. Nonlinear timescale 7,; (cir-
cles) and dissipation time 7T4:ss (squares) estimated from wave
turbulence decaying experiments. Magenta solid line: dis-
creeteness time Tyisc.

of energy over scales is possible without finite size effect
and dissipation.

We use decay measurements to reach an estimation of
these timescales. 7,; (resp. Taiss) is inferred from the
fast (resp. slow) decay of Fourier modes [31] (see Supp.
Mat. [24]). Taisc is computed as the number of eigen-
modes found in a frequency band divided by this band-
width, taking into account both transverse and lateral
eigenmodes [32]. No discreteness effect appears when
Tl < 2Tdgisc (i.e., nonlinear spectral widening > half fre-
quency separation between adjacent eigenmodes).

Figure 8 shows clearly that the timescale separation of
Eq. (8) is fulfilled regardless of f. Moreover, 74;ss and 7,
are found to be roughly independent of the scale f, due
to finite size effects of the system. Indeed, 7455 is the
same order of magnitude as the linear viscous dissipation
by surface boundary layer of the main lateral eigenmode
Taiss = 2V2/[kr, j21/vw(kyr, s2)] = 3 s [20,33]. The con-
stant nonlinear time 7,,; ~ 0.4 s is probably due to cumula-
tive energy transfer from this eigenmode in addition to the
usual contribution by nonlinear wave interactions [31]. To
sum up, the timescale separation assumed by WTT is ver-
ified although finite size effects are present (leading to con-
stant values for 7,,; and 7455 ) but not enough (7, < Tgisc)
to prevent the occurrence of wave turbulence.

Conclusion. — Small-scale wave turbulence had never
been demonstrated experimentally in a quasi-1D system
until now. Here, we evidenced the first experimental ob-
servation of quasi-1D capillary-wave turbulence. We show
that five-wave resonant interactions are the lowest-order
resonant process involved in the pure capillary regime, and
is probably the one leading to the observed 1D capillary-
wave turbulence. Experimental wave spectra are found

compatible with the corresponding dimensional analysis
prediction. The main WTT assumptions are also veri-
fied (weak nonlinearity, timescale separation, and constant
energy flux). As done in 1D gravity waves [22], a theo-
retical confirmation by WTT of this five-wave process in
1D capillary wave turbulence would be of primary inter-
est. Beyond fluid mechanics, our work could pave the way
to other studies in different wave turbulence fields (such
as ferrohydrodynamics [34], quantum fluids [35], elastic-
ity [36] or hydro-elasticity [37]), due to easier calculations,
simulations and measurements in such 1D geometry.
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Supplemental Material
"Experimental quasi-1D capillary-wave turbulence"

Guillaume Ricard and Eric Falcon
Université de Paris, MSC, UMR 7057 CNRS, F-75 013 Paris, France

In this Supplemental Material, we present additional data analyses related to the observation of quasi-1D capillary-
wave turbulence: a movie (Sec. I), the wave elevation distribution probability (Sec. IT), the power spectrum of the wave
elevation for a monochromatic forcing (Sec. IIT), low- and high-order correlations of the wave elevation (Sec. IV-V), and
decaying experiments to infer the nonlinear and dissipative timescales (Sec. VI). Notations as in the aforementioned
manuscript.

I. MOVIE

Filename: WT1DMercuryViewl.mp4

Duration: 21s

Filesize: 5.6 Mo

Description: Running experiment for 1D capillary-wave turbulence. Mainly gravity-capillary waves are visible by
eyes. Random forcing frequency of the paddle: 2 < f < 5 Hz. Wave steepness € = 0.06. The wave elevation, 7n(t), is
measured with a wire gauge (located at the center of the tank). The spatio-temporal measurement, 7(x,t), with the
lateral camera is not visible. The sealed cover used for security purposes has been removed to take videos.

II. WAVE ELEVATION PROBABILITY DISTRIBUTION

Figure S1: Probability distribution function (PDF) of normalized wave elevation n(t)/o, recorded during 15 min. o, = 0.85
mm. Wave steepness € = 0.06. Dash-dotted line displays a Gaussian distribution of zero mean and unit standard deviation.
Solid line shows a Tayfun distribution for ¢ = 0.06. A weak flatness (kurtosis K = (n*)/(n?)? = 3.08) and a weak asymmetry
(skewness Sn = (n%)/(n?)®/? = 0.26) is observed as expected for a weakly nonlinear gravity-capillary wave field.



IIT. POWER SPECTRUM OF WAVE ELEVATIONS FOR A MONOCHROMATIC FORCING
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Figure S2: Sinusoidal forcing at fy = 3.5 Hz (white rectangle). Left: Spatio-temporal power spectrum S, (k,w) of wave
elevation. No wave turbulence regime is observed, only a set of discrete peaks corresponding to the forcing harmonics. Wave
steepness € = 0.06. Inset: same for € = 0.03. Log colorbar. Right: Temporal power spectra S, (k,w) computed from the single-
point measurement (capacitive gauge) for different ¢ = 0.006, 0.03, and 0.06 (from bottom to top curves). Only harmonics of

the forcing appear in the spectra, and no continuous cascade is observed. Bottom curve corresponds to the experimental noise
(no forcing). Inset: typical temporal evolution of the wave elevation obtained from the capacitive gauge for ¢ = 0.06.

IV. LOW-ORDER CORRELATIONS OF THE WAVE ELEVATION

In this section, we briefly present additional results of low-order correlations (N =3 and N = 4).

A. Bicoherence

Three-wave resonant interactions and three-wave quasi-resonant interactions read, respectively

w1(k1) +wa(ks) — w3 (k1 +k2) =0, (s1)
wl(kzl) + wg(kg) — W3(k1 + kz) <0, . (SQ)

They are quantify by bicoherence, computed using Eq. (4), and are shown in Fig. S3.
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Figure S3: Bicoherence B(k1,k2) for different values of e. Solid lines: three-wave resonant interactions, solutions of Eq. (s1)
with w? = gk: + (v/p)k?. Dashed lines: border of the three-wave quasi-resonant interaction area, solutions of Eq. (s2) with
w? = gk; + (v/ p)kf’ Nonlinearity increases the number of quasi-resonances. Log colorbar.



B. Tricoherence

Four-wave resonant interactions and four-wave quasi-resonant interactions for a 2 <> 2 process (i.e. k1 +ks = k3+ksq)
read, respectively

wi (k1) + wa(ke) — ws(ks) —wa(ky + ko —ks) =0, (s3)
wl(kl) + WQ(kQ) —ws(ks) — W4(k1 + ko — k‘3) <0, . <S4)

They are quantify by tricoherence, computed using Eq. (5), and are shown in Fig. S4.
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Figure S4: Tricoherence T« 2(k1, k2, ks) for different values of k3 and e. 2 < 2 process. Solid lines: four-wave resonant
interactions, solution of Eq. (s3) with w? = gk + (v/p)k3. Dashed lines: borders of four-wave quasi-resonant interaction area,
solutions of Eq. (s4) with w? = gk; 4+ (7/p)k3. Nonlinearity clearly increases the number of quasi-resonances. Log colorbar.

We discuss now the possible occurrence of four-wave interactions involving a 3 <> 1 process (i.e. k1 + ko + ks = kq).
The corresponding four-wave resonant interactions and 4-wave quasi-resonant interactions then read, respectively

wl(kl) + WQ(kQ) + w3(/€3) — W4(k1 + ko + k‘3) =0, <S5)
w1 (k1) + walke) + ws(ks) — walks + ko + k3) < 4, - (s6)

The corresponding tricoherence is computed as

| (b Tl s M, by k)| (s7)
\/<|777<'1 Nky |2> <|77k377k1+k2+k3 |2>

T3e1(k1, ko, k3) =

and are shown in Fig. S5.

k3 =1000m™! k3 =2000m~!
0
= -1
g1

< 2
-3

0 1 20 1 20 1 2

ky [m™] x10° ki [m—] x10° ky [m™Y] x10°

Figure S5: Tricoherence T51(k1, k2, ks) for different value of k3 at fixed e = 0.06. 3 <> 1 process. The values obtained
are much smaller than for the 2 <> 2 process of Fig. S4. Solid line: four-wave resonant interactions, solutions of Eq. (s5)
with w? = gk; + (v/p)k?. Dashed lines: borders of four-wave quasi-resonant interaction area, solutions of Eq. (s6) with
w? = gki + (7/p)k?. Almost no 3 <+ 1 process occurs in the capillary regime (k > kg ~ 575 m™!). Log colorbar.



V. HIGH-ORDER CORRELATIONS OF THE WAVE ELEVATION

We present additional results on quadricoherence that highlights five-wave interactions. Five-wave resonant inter-

actions and five-wave quasi-resonant interactions, for a 3 +> 2 process (i.e. k1 + ko + k3 = k4 + k5), read respectively

wl(kl) —+ w2(k2) —+ W3(k3) — W4(k4) — W5<k1 —+ kg —+ kg — k4) = 0 5 (88)

wl(kl) + (.L)Q(kQ) + w:;(kg) — W4(k4) — w5(k1 + ko + k3 — k4) < Oy - (Sg)

Quadricoherence is computed for fixed k3 and k4. For ky < k3, Fig. S6a shows results close to the ones of Fig. S5

for a N =4 (3 <» 1) process. For k4 > k3, Fig. S6b shows results close to the ones of Fig. S4 for a N =4 (2 <> 2)
process.
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Figure S6: Quadricoherence Qzw2(k1, ke, ks, ka) for different values of ks and k4 at fixed ¢ = 0.06. 3 <> 2 process. Solid
line: five-wave resonant interactions, solutions of Eq. (s8) with w? = gk; + (v/p)k?. Dashed lines: borders of the five-wave
quasi-resonant interaction area, solutions of Eq. (s9) with &, = 40 Hz and w? = gk; + (v/p)k}. Log colorbar.

Finally, quadricoherence computed for a 4 <> 1 process for N = 5 leads to a similar conclusion than for the 3 <> 1
process for N = 4, and is even more negligible (not shown).

VI. DECAYING EXPERIMENTS
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Figure S7: Wave turbulence decaying experiments. Decay of the total wave energy J%(t) (top curve) and of the Fourier modes
Sp(f*,t)dy for increasing frequencies f* (from top to bottom curves). §f = 1/t with 6t = 0.25 s the temporal step. The results
are averaged over 250 decay experiments. Dashed vertical lines delimit the fast power-law decay [dashed-line fits between to
and t1 to infer 7,,;(f*)], and the slow exponential decay [solid-line fits between ¢1 and ¢z to infer 7q;ss(f*)]. Timescales 7n:(f™)
and 745 (f*) are found to be roughly independent of the f* scale (see article). Inset: Typical temporal decay of wave elevation
signal measured with the wire gauge. Random forcing is stopped at t = 0 s.
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