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Numerical Simulation of Collinear Capillary-Wave Turbulence

E. Kochurin+1), G. Ricard∗, N. Zubarev+×, E. Falcon∗

+Institute of Electrophysics, Ural Division, Russian Academy of Sciences, 620016 Ekaterinburg, Russia
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We report on direct numerical simulation of quasi-one-dimensional bidirectional capillary-wave turbulence.
Although nontrivial three-wave and four-wave resonant interactions are absent in this peculiar geometry, we
show that an energy transfer between scales still occurs concentrated around the linear dispersion relation
that is broadened by nonlinearity. The wave spectrum displays a clear wave number power-law scaling
that is found to be in good agreement with the dimensionally prediction for capillary-wave turbulence
involving four-wave interactions. The carried out high-order correlation analysis (bicoherence and tricoherence)
confirms quantitatively the dominant role of four-wave quasi-resonant interactions. The Kolmogorov–Zakharov
spectrum constant is also estimated numerically. We interpret our results as the first numerical observation of
anisotropic capillary-wave turbulence in which four-wave interactions play a dominant role.
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Introduction. Wave turbulence occurs when non-
linear waves interact with each other. This phenomenon
is ubiquitous: oceanographic waves, plasma waves in the
solar wind, nonlinear optical waves, elastic waves, or
gravitational waves [1, 2]. A weakly nonlinear theory (or
weak turbulence theory) predicts analytically the wave
spectra in various domains involving nonlinear waves
[1–5]. Such Kolmogorov–Zakharov (KZ) spectra can be
also obtained by dimensional analysis [6], an approach
allowing also the spectrum predictions in hitherto unex-
plored wave systems, such as electrohydrodynamic [7, 8],
magnetohydrodynamic [9–11], or hydroelastic wave tur-
bulence [12, 13]. Wave turbulence has been mainly stud-
ied for isotropic systems, such as gravity-capillary waves
on the surface of a fluid (see reviews [14–17]). KZ spec-
trum has been notably confirmed for isotropic capil-
lary wave turbulence both numerically [18–24] and ex-
perimentally [14 and references therein, 25]. Anisotropic
wave turbulence (i.e. when there is a preferred direc-
tion of wave propagation) is much less studied. In this
case, nonlinear coherent structures can strongly affect
the wave spectrum [26–28], whereas the leading order of
nonlinear wave interactions can be modified (e.g., five-
wave interactions in bidirectional gravity waves [29]).

Here, we focus on anisotropic capillary-wave turbu-
lence, when the waves propagate along one direction
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on the fluid surface (quasi-1D geometry). We perform
direct numerical simulation of the cubic nonlinear equa-
tions of the corresponding hamiltonian. We observe that
four-wave interactions play a dominant role in this pe-
culiar geometry, leading to an efficient energy transfer
between scales. The power-law wave spectrum found nu-
merically is in good agreement with the prediction that
we obtained by dimensional analysis for four-wave inter-
actions. This latter differs from the usual KZ spectrum
of isotropic capillary weak turbulence involving three-
wave interactions. Note that for capillary waves, addi-
tional spatial symmetry imposes four-wave interactions
at the leading order [30]. Pure capillary-wave turbulence
can be reached experimentally either in low-gravity en-
vironment [31], or at the interface of two immiscible flu-
ids of close densities [32, 30], but has not been performed
in a quasi-1D geometry to the best of our knowledge.

Theoretical background. We consider pure cap-
illary waves on the surface of a fluid. The dispersion
relation of linear waves then reads

ω(k) =

(
σ

ρ

)1/2

k3/2, (1)

with ω the angular frequency, k the wave number, σ the
surface tension, and ρ the mass density of the fluid. For
weakly nonlinear waves, energy transfers between waves
occur due to aN -wave resonant interaction process. The
dominant nonlinear wave interaction corresponds to the
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number N defined as the minimal integer for which the
N -wave resonant conditions are both satisfied

ω(k1)± ω(k2) . . .± ω(kN ) = 0,

k1 ± k2 . . .± kN = 0.
(2)

For pure capillary waves in 1D, there is no three-wave
resonance interaction: only k1 = k2 = k3 = 0 is solu-
tion of (2) for N = 3. No nontrivial four-wave resonance
exists: k1 = k2 and k3 = k4 is solution for N = 4 but
does not lead to energy exchange between modes in a
2 ↔ 2 interaction process. These can be easily proved
graphically (e.g. see [2]). Although exact resonance does
not exist, a set of quasi-resonances still exists due to the
nonlinear spectral widening. Indeed, for finite wave am-
plitudes, the widening of the dispersion relation autho-
rizes approximated resonance conditions (i.e. (2) with
≈ 0 instead of = 0). A 1D capillary-wave turbulence
regime is thus expected due to quasi-resonances.

Let us now obtain the wave-elevation spectrum pre-
diction of weak turbulence by dimensional analysis fol-
lowing [6]. The wave elevation power spectrum is defined
as S(k) = |ηk|2, where ηk is the spatial Fourier trans-
form of the wave elevation η(x) at the location x. For
a capillary wave system involving N -wave interactions,
we assume

S(k) = CP
1

N−1

(
σ

ρ

)X

kY , (3)

where C is the KZ constant, k the wave number modu-
lus, and P a constant energy flux to small scales (direct
energy cascade). X and Y are obtained dimensionally,
and reads

X =
3

2(1−N)
, Y = d− 5 +

1− 2d

2(N − 1)
, (4)

where d is the dimension in the physical space of the en-
ergy density Ek (Ek has dimension L6−dT−2, [S(k)] =
= L5−d, and [P ] = L5−dT−3). S(k) is related to the
spectral energy density (per unit surface and mass den-
sity) by E(k) = (σ/ρ)k2S(k). Let us now define D as
the dimension of Fourier space. In the case of anisotropic
geometry, as here, d and D are not equal to each other.
Here we focus on a bidirectional propagation of waves
in a quasi-1D geometry, one has thus D = 1, and d = 2

because the wave energy is distributed in the 2D space
despite of the collinear geometry.

Assuming that the leading order process is three-
wave interaction, (3)–(4) with d = 2, N = 3 leads to

the prediction of the anisotropic (D = 1) capillary-wave
turbulence spectrum

S(k) = C3w
1DP

1/2

(
σ

ρ

)−3/4

k−15/4, (5)

S(ω) =
2

3
C3w

1DP
1/2

(
σ

ρ

)1/6

ω−17/6. (6)

Equation (6) being obtained from (5) with S(k)dk =

= S(ω)dω. Equation (5) is similar to the well known
Zakharov–Filonenko spectrum of isotropic capillary
wave turbulence (d = D = 2, N = 3) [3], since the di-
mensional analysis is independent of D. Equations (5)–
(6) are obtained under the assumption of the dominant
influence of three-wave interactions.

At the next order (four-wave interactions), the
anisotropic (D = 1) capillary-wave turbulence spectrum
reads from (3)–(4) with d = 2, N = 4

S(k) = C4w
1DP

1/3

(
σ

ρ

)−1/2

k−7/2, (7)

S(ω) =
2

3
C4w

1DP
1/3

(
σ

ρ

)1/3

ω−8/3. (8)

Note that the predictions of (7)–(8) involving four-
wave interactions differ from the ones of (5)–(6) ob-
tained for N = 3. The difference in the k-power-law
exponent is roughly 7 %: −15/4 = −3.75 (N = 3) vs.
−7/2 = −3.5 (N = 4). Since (4) does not depend on
D, (8) is in agreement with the solution derived theo-
retically for four-wave interactions of isotropic capillary
waves [30]. The aim of this work is to perform direct nu-
merical simulation of anisotropic capillary-wave turbu-
lence with high accuracy. We show that a capillary-wave
turbulence regime is observed in this peculiar 1D bidi-
rectional geometry, once a high enough level of pumping
is reached. We show that the k-scaling of the wave el-
evation spectrum is very close to the prediction of (7)
for the four-wave interaction case.

Model equations. Consider the irrotational po-
tential flow of an ideal incompressible fluid of infinite
depth. The numerical model used here is based on the
well-known hamiltonian equations of motion of an ideal
fluid with the free surface obtained by Zakharov et al.
[3, 4]. In this approach, the original three-dimensional
equations of hydrodynamics are transformed to weakly
nonlinear equations that directly describe the dynam-
ics of the free surface in two spatial coordinates x and
y. Here, we neglect gravity and only the dynamics of
capillary waves is considered.
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The Hamiltonian of the system under study in di-
mensionless units (ρ = 1, σ = 1) reads

H =
1

2

∫ (√
1 + (∇η)2 − 1

)
dr

+
1

2

∫ (
ψk̂ψ + η

[
|∇ψ|2 − (k̂ψ)2

])
dr

+
1

2

∫
η(k̂ψ)

[
k̂(ηk̂ψ) + η∇2ψ

]
dr,

(9)

with dr = dxdy. The function ψ(x, y, t) is the value of
the velocity potential on the boundary of the liquid,
∇ = (∂x, ∂y) is the nabla operator, and k̂ is the inte-
gral operator defined in Fourier space as k̂fk = |k|fk.
The equations of the boundary motion are obtained by
taking the variational derivatives:

∂η

∂t
=
δH

δψ
,

∂ψ

∂t
= −δH

δη
. (10)

The Equations (10) of the boundary motion are appli-
cable for any symmetry of the surface perturbations.
In the quasi-1D geometry they can be simplified. Since,
the functions ηk and ψk depend only on x-component
of the wave vector, the absolute value of k is given by
k = |k| = |kx|, and the nabla operator is reduced to the
partial derivative ∇ → ∂x. In such geometry, we can in-
tegrate the right-hand side in (9) with respect to y and
introduce the normalized hamiltonian as H1D = H/Ly,
where Ly is the characteristic length of the system in
the direction normal to the wave propagation.

For a complete description of the turbulent motions,
we add to the Eq. (10) the terms responsible for the
pumping and dissipation of energy. As a result, the cu-
bically nonlinear Eq. (10) of the boundary motions take
the form

ηt = k̂ψ − (ηψx)x − k̂(ηk̂ψ) + k̂(ηk̂[ηk̂ψ])

+
1

2
(η2k̂ψ)xx +

1

2
k̂(η2ψxx) + D̂kη, (11)

ψt = ηxx − 1

2

[
(ψx)

2 − (k̂ψ)2
]

− (k̂ψ)k̂(ηk̂ψ)− (ηk̂ψ)ψxx + F (x, t) + D̂kψ. (12)

The operator D̂k is responsible for the effect of viscosity,
in k-space it is defined as

D̂k = −ν0(|k| − kd)
2, |k| ≥ kd; D̂k = 0, |k| ≤ kd.

Here ν0 is a constant, and kd is the wave number deter-
mining the spatial scale at which the energy dissipation
occurs. The term responsible for the pumping of energy
is defined as follows

F (x, t) = a0

4∑
i=1

sin(fit) cos(kix+ φi), (13)

where a0 is a constant defining the forcing strength,
ki = i are the forcing wave numbers, fi and φi are the
random numbers normally distributed in the interval
[0, 2π]. The forcing term thus corresponds to a super-
imposition of few oscillating stationary waves each of
random amplitudes and phases in the following range
of the forcing scale: ki = 1, 2, 3 and 4. To stabilize the
numerical scheme, we retain only the linear term in the
expansion of the boundary curvature in (12), see [33] for
more details.

Simulation results. The numerical integration
scheme for the solution of the system (11)–(12) in time is
based on the fourth-order explicit Runge–Kutta method
with the step dt. The spatial derivatives and integral op-
erators are calculated using the pseudo-spectral meth-
ods with the total number harmonics N . The simu-
lations were performed in a periodic 1D box of size
Lx = 2π with the parameters: x ∈ [0, Lx], N = 2048,
dt = 2.5 · 10−5, a0 = 2, ki = 1, 2, 3, and 4, kd = 500,
and ν0 = 10.

We present first numerical simulations correspond-
ing to a continuous energy pumping over time. Fig-
ure 1 shows the temporal evolution of the normalized

Fig. 1. (Color online) Normalized hamiltonian H1D vs
time. Blue solid line corresponds to forcing amplitude
a0 = 2, and black line to a decaying simulation (no forcing
a0 = 0). Inset: PDF of wave height rescaled by its stan-
dard deviation (blue dots), red dashed line corresponds to
Gaussian fit; the inset shows the temporal evolution of the
wave height η(t) at x = 0

hamiltonian H1D (the total energy of the system). It
first increases with time and then reaches a quasi-
stationary state for t � 2000 (see blue solid line).
Within this quasi-stationary state, the wave height η(t)
at fixed location is found to be erratic (see inset of
Fig. 1), and its probability density function (PDF) com-
puted over t ∈ [2000, 5000] is close to Gaussian dis-
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tribution (see inset of Fig. 1). The time-averaged value
of the wave steepness in the quasi-stationary state is〈√∫

Lx
|∂η(x, t)/∂x|2dx/Lx

〉
	 0.36, 〈·〉 denoting a

temporal averaging. Although the latter is not weak,
the distribution is found to be symmetric (Skewness
Sn ≡ 〈η3〉/〈η2〉3/2 	 0.01), whereas the extreme events
are less likely than for a Gaussian distribution (Kurto-
sis 〈η4〉/〈η2〉2 	 2.65 < 3) underlying an unexpected
symmetric light-tailed distribution. Indeed, contrary to
gravity or gravity-capillary waves where nonlinearities
sharpen the crests and flatten the troughs (i.e. Sn > 0),
highly symmetric distribution is observed here (as for
isotropic capillary-wave turbulence for 3-wave [23] or 4-
wave interactions [30] for comparable wave steepness),
but with light tails due to nonlinear effects.

Dispersion relation. Figure 2 shows the full space-
time Fourier power spectrum S(k, ω) of the wave eleva-

Fig. 2. (Color online) Space-time Fourier power spectrum
S(k, ω) of wave elevation. Black dashed line corresponds
to the linear dispersion relation (1), and white solid lines
show a nonlinear frequency broadening: ω(k) ± δω with
δω = 40

tion η(x, t) in the stationary state (t ∈ [2000, 5000]). We
observe that the most of the energy injected at low wave
numbers is transferred within a large range of wave num-
bers, and is concentrated around the linear dispersion
relation (1) as expected for weak capillary-wave turbu-
lence. Energy is also present out of this law correspond-
ing to a spectral widening due to nonlinear effects. Since
no wave resonant interaction is authorized in this 1D
system (see above), this broadening is consistent with an
energy transfer due to quasi-resonance (see below). No
signature of coherent structures appears on this nonlin-
ear dispersion relation such as bound waves as reported
routinely in isotropic gravity or gravity-capillary wave

turbulence [34–36]. No deviation from (1) is also ob-
served here due to possible nonlinear corrections [37, 35].

Spatial spectrum. Figure 3 shows the time-averaged
spatial-power spectrum S(k) of the wave height η(x, t)

Fig. 3. (Color online) Time-averaged spatial spectrum
S(k) of wave elevation in the quasi-stationary state. Black
bullets correspond to the harmonics pumped. Solid line
corresponds to (7), dashed line to (5). Inset: compensated
spectra S(k)k15/4 and S(k)k7/2 vs. k

in the stationary state. A clear power-law scaling is ob-
served on more than one decade in k. The best fit is
S(k) ∼ k−3.5±0.1 which is closer to the prediction of
(7) than to the one of (5). The compensated spectra
are shown in the inset of Fig. 3. Indeed, the wave tur-
bulence spectrum S(k) is better approximated by k−7/2

(N = 4) than by k−15/4 (N = 3) within the inertial
range 5 < k < 180. Thus, our direct numerical simula-
tions suggest that four-wave quasi-resonant interactions
are involved for 1D capillary-wave turbulence. Let us
prove it below indirectly.

Quasi-resonances. High-order correlation analysis is
now performed to confirm quantitatively the influence
of four-wave quasi-resonant interactions in a consis-
tent way with the above results from the wave spec-
trum (second-order correlation). As explained above,
the three-wave resonance conditions (2) are not satisfied
exactly in 1D, but the occurrence of quasi-resonances
due to nonlinear spectral widening is still possible. Write
the three-wave quasi-resonance condition in ω,

|(k1 + k2)
3/2 − k

3/2
1 − k

3/2
2 | ≤ δω, (14)

where δω is the nonlinear wave frequency shift, usually
estimated by nonlinear spectral widening as in Fig. 2.
The condition for the four-wave quasi-resonance reads

|(k1 + k2 − k3)
3/2 − k

3/2
1 − k

3/2
2 + k

3/2
3 | ≤ δω. (15)

JETP Letters



Numerical Simulation of Collinear Capillary-Wave Turbulence 5

To check the existence of 3-wave quasi-resonant interac-
tions satisfying (14), we compute the normalized third-
order correlation in k of the wave height (the so-called
bicoherence) [38, 39]

B(k1, k2) =
|〈η∗k1

ηk2ηk1+k2〉|√〈|ηk1 |2〉〈|ηk2ηk1+k2 |2〉
, (16)

where ∗ denotes the complex conjugate. To highlight
4-wave quasi-resonant interactions satisfying (15), we
compute the fourth-order correlation of the wave height
(or tricoherence) [40]

T (k1, k2, k3) =
|〈η∗k1

η∗k2
ηk3ηk1+k2−k3〉|√〈|ηk1ηk2 |2〉〈|ηk3ηk1+k2−k3 |2〉

. (17)

Due to the peculiar normalizations used in (16)–(17),
the functions B(k1, k2) and T (k1, k2, k3) range from
0 (no correlation) to 1 (perfect correlation). B(k1, k2)

and T (k1, k2, k3) are computed in the quasi-stationary
regime and are displayed in Fig. 4. Figure 4a shows that
three-wave quasi-resonances are indeed present but their
number is very small: most of the quasi-resonant modes
are located at low wave numbers near forcing ones
within the area bounded by (14) (white line). Figure 4b
shows a completely different situation. We can see a
large number of quasi-resonant modes within the area
bounded by (15) (white lines) as well as degenerated
4-wave exact resonances at k1 = k3 and k2 = k3. Quan-
titatively, the ratio between the sum of tricoherence val-
ues (at fixed k3) excluding trivial resonances and the bi-
coherence ones is r =

∫ ∫ T (k1,k2,20)
B(k1,k2)

dk1dk2 	 1.6. Tak-
ing into account all possible values of k3 in the inertial
range leads to r 	 70. Thus, the energy transfers are
mostly due to four-wave quasi-resonant interactions.

Kolmogorov–Zakharov’s constant. One can finally es-
timate the spectrum constant C4w

1D of (7) from simula-
tion series in decaying wave turbulence. To wit, after
t = 1800 from the beginning of the simulations, we sud-
denly stop the pumping. The system then slowly loses
energy from this wave turbulence regime (see black line
in Fig. 1). Rewriting the weak turbulence spectrum pre-
diction of (7) as S(k) = γ4wk−7/2 where the coefficient
γ4w depends on the energy dissipation rate P and on the
constant C4w

1D as γ4w(P ) = C4w
1DP

1/3 (since σ = ρ = 1).
Figure 5 shows the numerically obtained dependence of
γ4w with P during the decay (P being estimated from
the solid black line in Fig. 1, and γ4w from the decay-
ing spectrum). By fitting this coefficient with a P 1/3 de-
pendence, we infer KZ constant C4w

1D as 0.43±0.04. This
value could be compared to the theoretical constant that
can, in principle, be computed [30]. Although 3-wave
quasi-resonance interactions are not the dominant pro-

Fig. 4. (Color online) Bicoherence (a) and tricoherence (b)
of the Fourier transform of the wave elevation estimated
from (16) and (17), respectively. The tricoherence is shown
for the fixed value k3 = 20. White lines correspond to
(14) in (a) [respectively (15) in (b)] with δω = 40, i.e. to
the boundaries of authorized 3-wave [respectively 4-wave]
quasi-resonances

cess, we perform an analogous analysis for a 3-wave pro-
cess leading to the numerical value for C3w

1D = 5.9±0.06.
The inset of Fig. 5 shows the compensated values of the
KZ constants for the two interaction processes.

Scale separation. Weak turbulence theory assumes
a timescale separation between the linear timescale
τlin = 1/ω, and the nonlinear time, which reads dimen-
sionally τ4wnl ∼ P−2/3(σ/ρ)1/2k−1/2 for capillary waves
(N = 4, d = 2, ∀D). This means a nonlinearity param-
eter τlin/τ4wnl ∼ P 2/3(σ/ρ)−1k−1 � 1. As nonlinearity
increases with P , breaking of weak turbulence is thus
expected to occur for P > Pc = k3/2(σ/ρ)3/2 (Pc is in-
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Fig. 5. (Color online) Spectrum coefficient γ4w(P ) versus
energy dissipation rate P (red markers). Solid line corre-
sponds to the fit 0.43P 1/3. Inset: compensated KZ con-
stants versus P for a 3-wave (black square) or 4-wave (red
circle) process

dependent on N). The maximum value of P used here
is few orders of magnitude less than this critical flux re-
gardless the value of k, and thus satisfies indirectly the
expected scale separation.

Conclusion. Although resonant wave interactions
are forbidden in this geometry, we show that anisotropic
(quasi-1D) pure capillary waves display small-scale wave
turbulence due to four-wave quasi-resonant interactions,
as highlighted by the wave spectrum scaling and high-
order correlations analysis. An unexpected symmetric
light-tailed wave distribution is also observed. We hope
that our study will trigger future investigations, notably
to better understand the large-scale dynamics (larger
than the forcing scale) of collinear wave turbulence such
as the inverse cascade or the statistical equilibrium.
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