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Kelvin waves are the most fundamental excitations that propagate along
vortex lines, and they play a central role in the redistribution of energy and
the stability of rotating flows. They are believed to underpin key processes
inboth classical and quantum turbulence, from the decay of vortex

tangles in superfluid helium to dissipation mechanisms in atmospheric
vortices. Despite theirimportance, quantitative observations of Kelvin
wave dynamics that resolve their dispersion relation remain a challenging
problem. Here we experimentally characterize the propagation of Kelvin
waves along a stable, controlled and macroscopic vortex core and access
their dispersion relation. Our spatiotemporal measurements, spanning
nearly two decades in scale, reveal both helical bending modes and
double-helix waves, which validates theoretical predictions for turbulent
rotating flows. We also observe the statistics of temporal fluctuations

of Kelvin waves and show how their dynamics are shaped by local vortex
properties, such as vertical flow and excitation location. Our results provide
quantitative insight into the mechanisms driving energy cascades in Kelvin
wave turbulence, thus offering a classical analogue to quantum systems in
which direct measurements remain inaccessible. Beyond this fundamental
relevance, they also shed light on the dynamics of large-scale vortices, from

intermittent tornado behaviour to the stability of aircraft wake vortices.

Vorticity is fundamental in fluid dynamics, as it governs flows across
diverse natural and engineered systems. From quantum turbulence
toatmospheric cyclones and oceanic eddies, much of the observed
complexity stems from vorticity dynamics. In classical and quantum
turbulence, vorticity is concentrated along thin vortex lines. Kelvin
waves are elementary excitations of a vortex line and are typically
defined around ideal or smoothly varying vortices. They appear as
velocity perturbations propagating along its core'. As such, they
play a central role in energy redistribution, vortex stability and
turbulent cascades’.

Kelvin waves were first described in classical hydrodynamics.
Modelling turbulent flows as vortex filaments interacting via Kelvin
waves provides crucial understanding of their dynamics®*. These waves
affect vortex stability: wake vortices fromaircraft wings, for example,
can persist over long distances and pose hazards to trailing aircraft’.
As they propagate, they influence vortex stability and breakdown,
whichimpacts aviation safety®. Similarly, in atmospheric phenomena,

Kelvin waves contribute to tornado propagation and intensification”®,
thus mediating their natural variability’ (the ‘skipping effect’).

Kelvin waves play a unique role in quantum fluids, such as super-
fluid helium and Bose-Einstein condensates, due to the quantized
vorticity'®". When these systems are rotated, a lattice of vortices
forms aligned along the rotation axis, with circulation quantized
by the Onsager-Feynman quantum'** and core sizes theoretically
ranging from angstroms in superfluid *He to micrometres in Bose-
Einstein condensates™. Without molecular dissipation, quantum
vortices reconnect, form tangles and trigger Kelvin weak-wave
turbulence™’¢, which carries energy from the intervortex spacing
down to the core scale’ % Dissipation then occurs at smaller scales
through quantum mechanisms like phonon emission.

However, substantial experimental challenges remainin both clas-
sicaland quantum settings. Using advanced submicrometre particle
visualization in superfluid “He, Kelvin waves on quantized vortices
were directly observed only in 2013 (ref. 23). Yet, such experiments
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Fig. 1| Experimental set-up for creating a stationary vortex. a, Experimental
set-up. Heree,, e,and e, are the unit vectors of a cylindrical coordinate system.
The figure shows a (r,z) cross-section, with e, pointing out of the plane.
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b, Snapshot of a conical air column vortex with propagating helical Kelvin waves.
¢, The 3D-printed injection and draining system generates a circular flow at the
bottom of the cylindrical container.

remain rare due to the nanoscale dimensions of vortex cores and
difficulties in reliably exciting Kelvin waves under controlled condi-
tions®*. In classical fluids, their visualization is also challenging due
to the thin, transient and intermittent nature of the waves. Despite
impressive high-speed visualizations of straight and knotted vortex
lines”, the experimental validation of theoretical predictions has
beenlimited, whichlimits our ability to gaina further understanding
of Kelvin wave dynamics.

A key question remains: how can we experimentally character-
ize the Kelvin wave dispersion relation? Lord Kelvin first described
these waves theoretically in 1880 (ref. 1), but later work revealed
complex modes depending on the vortex structure, Recent theo-
retical advances have accounted for intricate geometries and viscous
effects”*°, but the lack of experimental validation* leaves uncertain-
ties on which modes contribute to energy cascades. Our measurements
deliver experimental characterization of the Kelvin wave dispersion
relation at high resolution, enabling a direct and quantitative con-
nection between theoretical models and observed dynamics. We
uncover arichspectrum of Kelvin waves, including helicalbending and
double-helix flattening modes, in line with theoretical predictions™*.
The statistics of their temporal fluctuations offer insight into tornado
dynamics. Finally, we highlight the influence of the helicity of the flow
and the source location of perturbations, factors that are critical to
vortex stability and energy dynamics in classical and quantum fluids.

Generating an air-water vortex line
Since Feynman’s 1955 seminal work", modelling superfluid vorticesis
knowntorequire afinite-sized core with confined vorticity. Two classic
representations are the hollow-core (empty-core) and Rankine (core
in solid-body rotation) models (Supplementary Information). These
models consist of an irrotational flow with finite circulation, which is
crucial for sustaining Kelvin waves, around a finite-sized core, hence
reproducing vortex topology. A well-known relevant laboratory ana-
logue is the bathtub vortex, in which swirling water drains through a
hole at the bottom of a rotating tank to form a rapidly rotating vor-
tex around an air core. This set-up is used to explore rotating flows in
classical®**and quantum® fluids, although it does not focus onKelvin
waves. Both models also capture key features of tornado dynamics.
Building onthese models, we developed anexperimental set-up to
generateastable, controlled, macroscopic (~0.4 m) vortex specifically

designed to investigate Kelvin waves. As shown in Fig. 1, the set-up
consists of a 21-cm-diameter, 45-cm-tall cylindrical tank in which a
stationary vortex forms. The fluid undergoes angular rotation Q(r),
rbeing the radial coordinate. Unlike previous rotating-tank experi-
ments, we create the vortex by injecting water via two pumps feeding
fourinlets placed symmetrically around abottom drain hole (Fig. 1c).
The vortex circulationl"is controlled via the pump flow rate and drain
size (diameter d, typically afew millimetres). A vibrating annulus shakes
the vortex horizontally at the top. The air-water interface isimaged by
anoptical cameranormalto the vortex axis, yielding precise measure-
ments of the vortex-coreradiusa(z, t)=[r(z,t,0=0)+r(z,t,0=m)]/2and
horizontal displacement n(z,t)=[r(z,¢t,0=0) -r(z,t,0=1)]/2 (Methods).
These profiles are Fourier-analysed to extract the Kelvin wave dis-
persion relation. The azimuthal and vertical fluid velocity profiles,
vy(r) and v,, are measured via particle image velocimetry (PIV) and
particle-tracking velocimetry, respectively (Methods). Under suitable
parameter settings, this set-up serves as an excellent laboratory model
for studying vortex-line waves, as it closely reproduces the idealized
conditions assumed in theoretical studies.

The flow from the four bottom injectors is confined within an
external cylinder, which yields a very thin, tall and steady vortex
(Fig. 1b and Supplementary Video 1). Owing to the pressure field
within the fluid, which combines hydrostatic, dynamic pressure due
to rotation and localized suction near the drain, the air-core radius
a(z) slowlyincreases with altitude, from~1 mmnear the drainto -2 mm
halfway up the tank. It then widens markedly just below the flat free
surface. In comparison, the vortex height is typically 40 cm, two
orders of magnitude larger than a(z). The vortex profileis controlled
by the pump flow Uand the hole diameter d; increasing either deepens
and widens the vortex (Fig. 2a,b). For wide enough holes, v,(r)
decreasesas1/r,asinaRankine vortex (Fig. 2¢). This model assumes
ideal irrotational flow outside the core, that is, constant circulation
I'=2mrv,(r), asis roughly observed experimentally far enough from
the core (Fig. 2d). Typical valuesare '=102 m?s ™. a, is approximately
a few millimetres, giving a typical angular rotation of the water-air
interface 2, = 2(a) = I'/(2ma}) ~ 10’ s~!. The non-dimensional
wave parameters are w/Q, € [0, 0.4] and |k|a, € [0,10]. wis the angular
frequency of the wave perturbations and k their axial wavenumber.
Thevortex-coreradius averaged in the vertical camerafield a, = (a),.
Note that asand v, also depend on z, we use their average values in
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Fig. 2| Time-averaged vortex profile and fluid velocity profile.

a, Vortex profile z(a) as a function of its radius a (from contour detection) for
different pump flow rates U <[8,13] V and fixed d=7 mm. b, Vortex profile for
different drain-hole diameters d € [4, 9] mm and fixed U=11V. Oscillations
correspond to Kelvin waves. Red dashed lines correspond to the hollow-core
Rankine vortex profile z(a) = */(8m’ga®) withg=9.81m*s " and '=0.042 m*s™.
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¢,d, Fluid velocity profiles (from PIV measurements). Azimuthal velocity profile
vy(r) (¢) and circulation I(r) = 2mrrvy(r) (d) within the liquid, for different U=11V
andd €[4,9] mmand at adepth z=25cm. The red dashed line corresponds to
the Rankine vortex model: vy(r = a,) =I/(21r) with '=0.042 m?s . Foraand

b, the measurement uncertainty is negligible. For cand d, the measurement
uncertainty is of the order of the fluctuationinr.

the theoretical calculations, given that they vary less than a(z). Typi-
cally, the vertical velocity isv,~0.5ms™.

Dispersionrelation for Kelvin waves

Incylindrical coordinates (r, 6, z), linear theory predicts that a vortex
aligned along the z axis can sustain Kelvin waves, with core-radius
perturbationr, = ag + € cos(kz + mé + wt), wheree < a,isthe pertur-
bation amplitude. Here w = 2mifis the angular frequency, k the axial
wavenumber and m the azimuthal wavenumber. Among these, bend-
ing waves (m = 1) feature a helical core displacement (Extended
Data Fig. 1) with constant radius and spanning many length scales?.
Such bending waves play a large role in energy transfer across scales
in both classical and quantum fluids®*. To observe them, we force
the vortex via horizontal oscillations of the top annulus over a fre-
quency sweepf=1-6 Hz. This generates downward-propagating com-
plex wavy structures, including helical bending waves (Fig. 3a and
Supplementary Video 1).

Using spatiotemporal imaging, we tracked the vortex-core dis-
placement r(z, ) from the left-hand and right-hand sides of the core,
both yielding consistent spectra. The experimental spatiotemporal
spectrum in Fig. 3b quantitatively characterizes the Kelvin wave dis-
persion relation. One distinct branch spans nearly two decades in
frequency and wavenumber, corresponding to waves clearly visible
in Fig. 3a and propagating downward (k > 0). As this branch does not
appear in the radius spectrum (see below), it corresponds tom =1
waves. Using two orthogonal cameras, we evidenced that thism =1
mode involves only counterrotating waves, as theory predicts®,

Inthelong-wavelengthlimit (ka, «1), the observed dispersion rela-
tion follows Kelvin’s classical prediction with m=1for ahollow vortex":

otk = ke [log(%) - y], M

with I' = 2ma? 2, the circulation and y = 0.577 Euler’s constant. @ < 0
is consistent with counterrotating waves. For quantum fluids, "would
correspondto the quantum of circulation k = h/M, where his the Planck
constant and M is the mass of the particle®. This classical expression
(redlineinFig. 3b) fits the data for ka, < 1as expected, with parameters
a, and I consistent with experimental values. However, at higher k, it
fails because it neglects the vertical velocity v, (even without the
assumption ka, < 1)**.

As no hollow-core model accounts for vertical flow, we adopt
the (solid-body core) Rankine model with uniform vertical velocity v,
(refs.1,28), taken positive for adownward flow. We assume aninviscid,
incompressible flow with solid-body rotation and a uniform downward
velocity v, in the core (r < a,) and irrotational flow outside. Adding
infinitesimal velocity (and pressure) perturbations u,(r) e<*m0*%9 tg
the Euler equations and considering the continuity of velocity and
pressure at the perturbed surface r, leads to the dispersion relation
defined by the classical transcendental equation’*:

(@ +m$2)* ﬁaof\,m|[ﬁao]+2(20m o |K|’m|[|klao]
402 —@ | JmlBaol @ " K [1Kiao]”
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Fig. 3 |Helical bending mode (m = 1) of Kelvin vortex waves. a, Snapshot

of counterrotating bending waves deforming the vortex axis. A sweep-sine
forcing (1-6 Hz) located on the top generates downward (k > 0) Kelvin waves.
The pump flow rate U=11V, and drain-hole diameter d=5 mm.b, Corresponding
spatiotemporal power spectrum of the vortex position S,. The solid white line
corresponds to the theoretical dispersion relation of m =1Kelvin waves of
equation (2) with parameters a,=1.9 mm,/=0.022m?*s*and v,=0.57 ms™,
consistent with experimentally measured values. The red line corresponds to the
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long-wavelength limit (equation (1)). ¢, Spatiotemporal power spectrum of the
vortex position with the same parameters but with no external forcing. Upward
(upstream) Kelvin waves (k< 0) are clearly observed and described well by
equation (2) with the same experimental parameters (solid white line). Note that
the branch of downward bending waves shown in b is still visible here (solid white
line). To account for variations of the radius a with depth z, the white dashed lines
inband c correspond to equation (2) computed with a,=min[a(z)] (right) and
a,=max[a(z)] (left).

where® = w + m$q + kv,and B = k, /4(2(2)/&‘)2 —1. J,isthe Bessel func-
tion of the first kind of order m, and K, the modified Bessel function
of the second kind. This equation involves the parameters a, = (a(z)),
0O, andv,, which canbedirectly obtained from experimental measure-
ments for each run (Extended Data Figs. 2-4). This prediction (white
linein Fig. 3b) fits our data very well using a,=1.9 mm, '=0.022 m*s™
andv,=0.57 ms™, values consistent with measurements from contour
detection, PIV and particle tracking, respectively (Methods).

Despite the axial variation of the vortex-core radius a(z),
the observed dispersion relation remains well described by the
uniform-core model of equation (2), consistent with a local approxi-
mation valid in slowly varying media (Methods). Moreover, the white
dashedlinesinFig.3b,c correspondtothe theoretical dispersionrela-
tion computed using the extremal values of a(z) at the top and bottom
ofthemeasurement domain and keeping all other parameters constant.
Equation (2) admits infinitely many solutions due to the behaviour of
the Bessel functions. The m =1solution involving w(k) > 0as k> O is
especially robust, independent of core details and commonto all vortex
models, and it plays a key role in both classical and quantum fluids. It
also falls within our accessible frequency range. This bending mode
dominates the energy spectrum, particularly at low k, underscoring
itsrolein turbulent cascades. Other weaker spectral featuresin Fig.3b
arereminiscent of modes m > 2 (discussed below).

Under specific conditions, a distinct dispersionbranch emerges
for k< 0 (Fig. 3c), which is dominant when the drain hole is small
(d < 6.5 mm) and no external forcing is applied. Like their downward
counterparts, these upward-propagating bending waves are helical
disturbances, visible in position spectrabut notin core-radius spec-
tra, and are captured well by equation (2) for m=1and k< 0 (solid
white line). Downward-propagating waves remain visible, albeit
weaker without forcing, and follow the same dispersion relation of
equation (2) (solid white line in Fig. 3c), with the same fitting param-
eters. The bending-wave dispersion branch differs for upstreamand
downstream waves because the vertical flow breaks the symmetry,
as exemplified by the nearly vanishing group velocity of upstream
waves at |k|a,=1.

Notably, our set-up also reveals a second wave mode that does
not displace the vortex axis and is, thus, distinct from m =1bending
waves. As seen in Fig. 4a and Supplementary Video 2, double-helix
(m =2) structures propagate both up and down with wavelengths

Upward

f (Hz)
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Fig.4|Double-helix flattening mode (m = 2) of Kelvin waves. a, Close-up

view of m=2 perturbations, also called a fluted Kelvin wave, which elliptically
flattens the vortex core and forms aright-handed helix. b, Spatiotemporal power
spectrum of the vortex-core radius S, for d=7 mm, a pump flow rate U=9 Vand
no external forcing. Solid white lines correspond to the theoretical dispersion
relation of equation (2) with m=2, and parameters a,=2.2 mm, =0.011m?s™and
v,=0.85ms™, consistent with experimentally measured values. The solid red line
corresponds to w = kv, and possibly indicates a soliton or another undetermined
perturbation. Toaccount for variations of the radius a with depth z, the white
dashed lines correspond to equation (2) computed with a,=min[a(z)] (right) and
a,=max[a(2)] (left).

A < 1cm. These disturbances, called fluted or flattening waves?*°,
are m =2 modes of Kelvin waves and involve core-radius variations
without vortex-axis displacement, which explains their less intense
observationin position spectra (Fig. 3).

We observe these m =2 waves without forcing, as drain-hole flow
temporalfluctuations suffice to perturb the core size. The vortex-core
radius spectrum (Fig. 4b) reveals a clear dispersion relation crossing
f=0near |k|la,=1, consistent with alow phase velocity (Supplementary
Video 2) and nearly stationary behaviour. Although theoretically chal-
lenging—fluted waves often involveinstabilities and singular behaviour
requiring intricate analytical approaches**°—the experimental data
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Fig. 5| Probability distribution function of the temporal fluctuations of the
normalized vortex-coreradius, [a(f) - (a)J/0,. 0, = \/(a?), = 0.1 mmisthe
r.m.s. value, and (a),=1.3 mm, corresponding to m =2 Kelvin waves. There is no
external forcing.d=7 mm, and U= 6.8 V. The dashed line is anormal distribution
with zero mean and unit standard deviation. Inset: corresponding temporal
fluctuations of the vortex-core radius, centred and reduced, [a(¢) - (@) 1/0,.
Measurement uncertainty on a(t) is negligible.

matches equation (2) reasonably well (solid white lines in Fig. 4b) using
a,=2.2mm,=0.011m*s and v,=0.85 ms™, consistent with experi-
mental values (Methods). Again, the dashed white lines account for the
variation of a(z) within the measured range. The observed broadening
of thebranches could also be due to nonlinear wave interactions**. Note
that these m =2 waves are a priori absent in quantum turbulence, as
they involve spatial scales comparable to the vortex core where hydro-
dynamics breaks down®. A weaker dispersion branch s also visible in
Fig. 4b (solid red line), which is systematically consistent with w = kV,
and possiblyindicates asoliton or another undetermined perturbation.

Finally, although the hollow vortex in our set-up intrinsically
includes a free surface that could, in principle, support capillary and
centrifugal waves, our datashow no evidence of these (Supplementary
Information). At high k, surface tensionis expected to modify Kelvin’s
dispersion®**’; however, as shown in Extended Data Fig. 5, our experi-
mental parameter ranges render capillary effects negligible. At low k,
the air-water interface can sustain centrifugal surface waves*™*°.
Distinct from Kelvin waves and driven by an effective gravity due to the
centrifugal acceleration ges = .Q(Z)ao, these waves exist even withouta
vorticity filament and are systematically Doppler-shifted by the fluid
rotation. However, these centrifugal waves do not match our measure-
ments (Extended Data Fig. 6).

Discussion and conclusion

Our set-up enables adetailed characterization of Kelvinwaves along a
stable, rectilinear, free-surface vortex and closely reproduces a Rank-
ine vortex. A key result is the striking agreement with the theory of
equation (2) for helical (m=1) and double-helix (m = 2) modes"*, but
the scope of our findings goes well beyond the dispersion relation
itself. We showed that a single macroscopic vortex supports several
wave modes that propagate upstream and downstream. Notably, such
spectral richness is made possible because our container is not rotat-
ing and thanks to our dedicated injection system; by contrast, earlier
rotating set-ups attenuated the disturbances and prevented access to
the Kelvin wave dispersion relation. The m =2 waves show pronounced
spectral broadening (Fig. 4b), indicating strong nonlinear interactions,
unlike the more linear m=1bending waves (Fig. 3). This underlines

the importance of m =2 modes in small-scale dissipation and wave
turbulence cascades theoretically predicted but never experimentally
observed, and they could, thus, stimulate new developments. Similar
structures havebeen predicted near ka,=1forv,=0 (ref. 29), indicating
their relevance even when the vertical flow is weak.

The contrasting shape of the upstream and downstreamm =1
dispersion branches (Fig. 3c) highlights two key aspects: (1) the key
role of vertical velocity near the vortex core, which controls the helicity
of the flow*, and (2) the influence of the source location on the shape
of the dispersion relation, for either downstream or upstream waves,
like gravity waves generated by obstacles in rivers”. Strong temporal
fluctuations of the vortex radius (m = 2 mode) are observed (inset of
Fig. 5). The centred, reduced probability distribution (Fig. 5) shows

strong asymmetry (skewness <a3'>/<a2)3/2 = —0.45), indicating that
extreme radius reductions are more probable than enlargements
because of the lower energy required to shrink the air core than to
pushinto the liquid. By contrast, temporal fluctuations of the vortex
displacement (m=1mode) are ten times slower and more intense and
have a Gaussian distribution (Extended Data Fig. 7). These statistical
features are not directly linked to the dispersion relation but reveal
unexpected fluctuation dynamics and open promising avenues for
the study of turbulence in vortical flows.

Our observations have broad implications for geophysical vor-
tices, particularly for tornado dynamics during their final rope-like
phase, as these closely resemble our set-up. Intense upward flows
along tornado cores driven by convection or suction could generate
two branches of the Kelvin wave dispersion relation. Depending on
the disturbance origin (ground or aloft), waves may propagate up- or
downstream, affecting the energy distribution, stability and trajectory.
A key result reported here is the identification of an ascending m =1
mode with vanishing group velocity near |k|a, =1, whichleads tolocal-
ized energy trapping near the ground and triggers the ‘skipping effect’,
namely intermittent vortex lifting or jumping. The strong fluctuations
of the vortex position of such modes can also lead to abrupt lateral
shifts in tornado trajectories. Moreover, skewed m = 2 double-helix
fluctuations could drive sudden core airflow instabilities and contrib-
ute to the dynamics of suction vortices®, which are small, disordered
structures observed around tornado cores and are thought to play a
large role in localized damage. These findings may have applications
for the rope-like stage of tornadoes, with potential applications to
forecasting models. In aircraft wake vortices, we predict thata strong
axial flow could favour m = 2 modes near the core, thus influencing
vortex stability and dissipation at subwingspan scales. This contrasts
with the classic m =1 Crow instability, which typically governs vortex
evolution and breakdown*.

Although our system is entirely classical, by offering a direct
measurement still inaccessible in quantum systems, the universal
nature of the Kelvin wave dispersion relation makes it relevant to
superfluid contexts as well. The observed m =1 mode is precisely
thatexpected to dominate the turbulent cascade in quantum fluids,
where Kelvin waves emerge from vortex reconnections’®. Although
thisanalogy must be drawn with care (as quantum vortices are topo-
logically protected and involve core scales beyond hydrodynamic
resolution), our results provide the first experimental validation of
a key mechanism in quantum turbulence and shed light on energy
transfer and dissipation.

Future work will explore weakly nonlinear interactions and the
Kelvin wave turbulence regime predicted theoretically’®*. The coex-
istence of several dispersion branches may enable atypical nonlinear
interactions®. Our system also offers a platform for investigating
solitons on vortex filaments***. On the theoretical side, extending
thelocal approachto account for the full axial evolution of the vortex
structure, or even performing a direct numerical simulation or global
linear stability analysis, would provide a more complete theoretical
understanding of wave dynamics in confined vortices. This study also
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opens the way to observinginteractionsinavortex array mediated by
Tkachenko waves*®*’, which are collective modes of great relevance in
various domains involving vortices.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butionsand competinginterests; and statements of dataand code avail-
ability are available at https://doi.org/10.1038/s41567-026-03175-w.
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Methods

This section is divided into three parts. The first part describes the
experimental set-up, the second part details the measurement tech-
niques and the third one the data analysis.

Experimental set-up

The experiment was specifically designed to enable the direct meas-
urement of the Kelvin wave dispersion relation over two decades in
frequency and wavenumber. The experiment consists of arectangular
tank with dimensions 50 cm x 50 cm x 50 cm in which a stationary
bathtub vortex is generated and drains out through a circular hole at
the bottom (Fig. 1). The use of a bathtub-type vortex with a central air
core providesasharp opticalinterface, enabling precise, time-resolved
tracking of the shape and position of the vortex filament. Water is
injected at four symmetrically positionedinlets around the hole using
two LVM117 pumps (24 Vand 2.5 A) operating at a controlled rate. The
drained water is collected in an external basin and recirculated by the
pumps. This injection mechanism promotes the generation of Kelvin
waves, which are typically suppressed in conventional bathtub vortex
set-upsinwhich the whole tankis rotated. To enhance vortex formation
and stability, a Plexiglas cylinder with a height of 45 cm and a diameter
of 21 cm is positioned around the vortex. Near the top region, where
the vortex expands to meet the horizontal free surface at the top of the
tank, anannulus withadiameter of 14 cmisimmersed atadepthz=3 cm
around the vortex. Thisannulusis connected to ashaker that generates
low-frequency horizontal oscillations (sweeping between1Hzand 6 Hz
forthe datareported here) to force downward waves along the vortex
line without causing the filament to break up or aloss of coherence.

Measurement techniques

The air-water interface of the vortex was imaged using an optical
camera (BasleracA2040-120um, 2,064 x 1,564 px?) positioned normal
to the vortex axis and two light panels. Reflected light at the interface
created asharp white contour, whichenabled accurate spatiotemporal
measurements of the vertical profile of the vortex. Videos were cap-
tured with two cameralenses (8 mmwide-angle and 12 mm small-angle)
to provide complementary views of the vortex. To compute the spati-
otemporal spectra, the vortex profile was measured over L =12.5cminz
centred aroundadepthz=22 cm, leading to awavenumber resolution
of 8 x 2mm™. The horizontal and vertical resolutions were 60 pm px~,
whereas the contour width was 0.5 mm, which resulted in a typical
measurement uncertainty on the core radius and position of about
0.1mm.

The typical acquisition frequency was 300 fps, with recordings
lasting T=30 s. Image postprocessing (contour detection) extracted
the left-hand and right-hand vortex profiles used to compute the
vortex-core positionn(z,t)=[r(z,t,0=0) - r(z,t,8=m)]/2and vortex-core
radiusa(z, t)=[r(z,t,0=0)+r(z,t,0=m)]/2. These signals were analysed
in Fourier space to study the dispersion relation of Kelvin waves. The
spatiotemporal spectra Sy(w, k) = |X(w, k)|2/LT inm>s™ (where X is the
two-dimensional Fourier transform of X(z, t), X being either n or a) of
the left-hand and right-hand profiles both feature every mode m. By
computing the vortex-core position and radius from these profiles,
we selected, respectively, either the m=1mode or all the other modes
(m=0,2,3,...).

We used PIV for the fluid velocity measurements*®, A laser
beam, shaped into a planar sheet using a Powell lens, illuminated
10-pm-diameter hollow glass particles suspended in the fluid. The
particles scattered the laser light, which enabled the visualization
of their motion from above within a selected horizontal plane using
a high-speed camera (Phantom V1840) operating at 6,000 fps. The
seeding particles have Stokes number St = 0.1, which ensured their
tracer-like behaviour*® and negligible influence on the vortex dynam-
ics, including near the small drain hole. This approach allowed us to
capture detailed velocity fields with minimal averaging effects, as

the acquisition time (0.1s) was much shorter than the typical vortex
wandering time. Images were processed in MATLAB using the PIVIab
software, which produced velocity dataona37 x 23 grid witha2.7-mm
spatial resolution. The resulting fluid velocity fields were used to com-
pute (after averaging over 0) the azimuthal velocity profile vy(r), which
is essential for characterizing the vortex dynamics, and to access key
experimental parameters such as the circulation I'= 21trvy(r). Flow
fluctuations and resolution limits near the axis led to typical measure-
ment uncertainties on the circulation of approximately 0.005 m*s™.

The vertical fluid velocity profile v,(z) was measured by particle-
tracking velocimetry at r = a(z). We tracked the motion of
1.5-mm-diameter expanded-polystyrene particles (which have adensity
close to that of water) seeded near the top core of the vortex. We then
used the same imaging technique used for the above contour detec-
tion measurementsto track their advection along the vortex core, with
typical measurement uncertainties of 5v,~0.05ms™.

Fitting technique and analysis

The fitting technique was the same for Figs. 3b,c, and 4b. We used the
measured value of a, = (a(2)),from Extended Data Fig. 4, then we fitted
the data with equation (2) using the best couple of parameters (I, v,).
We checked a posteriori that this couple of parameters was consistent
with the measured values from Extended Data Figs. 2 and 3. Although
the vortex-core radius a(z) varied substantially along the z axis, the
measured dispersion relation remained in strong agreement with the
uniform-core theoretical prediction of equation (2). This robustness
can be attributed to a WKBJ-type local approximation, in which the
wavenumber adapts continuously to the slowly varying structure of
the vortex. Such an approach, widely used for slowly varying media*,
justifies the use of local dispersion relations despite axial variations of
the vortex core and explains some of the broadening observed in our
experimental data. This spectral broadening induced by axial varia-
tions of the vortex radius was roughly estimated. Assuming ka, <1and
constant w along the propagation, differentiating the classical Kelvin
dispersion relation (equation (1)) yields a relation between the typical
variations of k(z) and a(2):

— |2 log(

2 da
—1-2y|=24.
ko ) V]

koao ao

This expression provides a first-order estimate of the wavenumber
broadening Ak due to axial inhomogeneity of the vortex core. For
typical values k,/2m=25,6a=1mmand a,=1.9 mm, it yields Ak/(2m) =
8m™, consistentwith our observationsinFig.3b,c at small k, where the
dashed curves were obtained from the full dispersion relation (equa-
tion (2)) that is valid for all k. Naturally, a more advanced theoretical
framework would be required to fully capture this effect. Future work
will involve global stability analyses or even direct numerical simula-
tions of the full set-up and explicitly account for the axial variability
of the base flow and use realistic boundary conditions. In particular,
because the axial profile of a(z) reflects the structure of the pressure
field, whichisitselfinfluenced by the propagating waves, the problem
becomesintrinsically nonlinear and complex. Although such develop-
ments liebeyond the scope of the present study, they will be the subject
of future investigations.

To compute the probability density functions, the signal a(z, t) or
n(z,t) wasrecorded over 10 min at 100 fps or 3 min at 360 fps, respec-
tively, thensliced into 1,000 discrete values of zover 2.5 cmin height
(centred around z=18 cm) and concatenated in a single temporal file
for a(t) or n(t).

Data availability

The data that support the findings of this study, including the data
used to compute the spatiotemporal power spectra, are available via
figshare at https://doi.org/10.6084/m9.figshare.30903347 (ref. 50).
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Extended Data Fig. 1| Theoretical azimuthal deformations of a vortex line for different Kelvin wave modes. For azimuthal wavenumbers m=0, 1,2, 3,and 7: (A) Top
view, (B) Lateral view. Only the m =1mode displaces the vortex axis and has no radius variation.
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Extended Data Fig. 2| Experimental circulation I'=2mrv,(r) as afunction witha,and v, measured as in Fig. 2b and Extended Data Fig. VerticalVelocity,
of the drain hole diameter d. (red curve, triangles): "'measured by PIVin a respectively. Dotted lines correspond to the same fit, but with a, taking the
horizontal plane located at a depth of z=25 cm and near r-1cm. Dotted lines values of a(z) at the bottom and at the top of the measured range (below and
show uncertainty of measurements and variability in z: 6/~ 5.10m?/s. (blue above, respectively). U=11V.

curve, circles): I'inferred by fitting data with the solid rotation Rankine model
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Extended DataFig. 3| Experimental downward vertical velocity v, as afunction pump flow rates Ufor d =7 mm. Measurement uncertainty is 6v,~ 0.05m/s.
of the depth z. Measured from the flat free surface (z= 0) for different drain hole Itis not shown on the graph for the sake of clarity - note that it is smaller than the
diametersd. v,is measured by PTV at r=a(z). U=11V.Inset: Same for different variationsinz.
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Extended Data Fig. 4 | Experimental vortex-core radius a, as a function of the drain hole radius d/2. Dotted lines indicate the values of a(z) at the bottom and top
of the measured range. The mean radius a, = (a), is obtained by contour detection and averaged over the vertical camera field z € [15.5, 28] cm. U=11V. Measurement
uncertainty is negligible.
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Extended Data Fig. 5| Hollow-core model with and without surface tension. for m =1and m =2 Kelvin modes, with parameters V,=0.3m/s,y=70mN/m, a,=1.9 mm,

and/=0.022.Inour range, capillary corrections remain negligible compared to our experimental uncertainties. The black square marks the typical range of our

experimental measurements.
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Extended DataFig. 6 | Theoretical m=1(a) and m =2 (b) centrifugal waves
from Phillips’ dispersionrelation. with experimental parameters a,=1.9 mm,
'=0.022 and c=0.05. Different curves correspond to different zeros of the
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Bessel functions. No agreement is found with the experimental dispersion

relations reported here, as m =1solutions are always far from (w, k) = (0, 0) and
m=2modes never crossf=0in the experimental range.
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fluctuations of the normalized vortex-core position, [n(¢) - (n)]/0,. deviation. Inset: corresponding temporal fluctuations of the vortex-core.
0, = 4/ {n?), = L.2mmis the rms value, corresponding to m=1bending Kelvin Measurement uncertainty on nis negligible.

waves. 0, = 1/ (72), = L.2mmis the rms value. Sweep-sine forcing.d=7mm,
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