Soliton Dynamics over a Disordered Topography
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We report on the dynamics of a soliton propagating on the surface of a fluid in a 4-m-long
canal with a random or periodic bottom topography. Using a full space-and-time resolved wavefield
measurement, we evidence, for the first time experimentally, how the soliton is affected by the
disorder, in the context of Anderson localization, and how localization depends on nonlinearity.
For weak soliton amplitudes, the localization length is found in quantitative agreement with a
linear shallow-water theory. For higher amplitudes, this spatial attenuation of the soliton amplitude
is found to be enhanced. Behind the leading soliton slowed down by the topography, different
experimentally unreported dynamics occur: Fission into backward and forward nondispersive pulses
for the periodic case, and scattering into dispersive waves for the random case. Our findings open
doors to potential applications regarding ocean coastal protection against large-amplitude waves.

Introduction.— Wave propagation in nonhomogeneous
media leads to astonishing phenomena such as Bragg re-
flection [1] and Anderson localization [2], first discov-
ered in solid-state physics. These linear phenomena,
based on interferences between multiply-scattered waves
by the changes in the spatial property of the medium,
lead to a significant attenuation of the incident waves.
They occur in almost all domains involving a linear wave
field [3] from cold atoms [4] to classical waves (such as
acoustics [5], optics [6-8], electrical waves [9]), as well as
for gravitational waves [10] or random time-varying me-
dia [11, 12]. For gravity waves on the surface of a fluid,
Anderson localization has been observed using a random
bathymetry [13, 14] and Bragg reflection using a periodic
one [15, 16].

Such phenomena occur mainly for linear waves, and
their persistence for nonlinear waves is a long-standing
debate. For initially monochromatic waves, it has been
experimentally shown that nonlinearities arising from the
increase of their amplitude enhance Anderson localiza-
tion [7, 8, 14, 17] as suggested theoretically [18]. For
nonlinear pulses and solitons, Anderson localization is
theoretically predicted to be destroyed for the nonlinear
Schrodinger equation [19-21] and disordered anharmonic
chains [22, 23], but to persist for the Korteweg-deVries
(KdV) equation [24]. However, to our knowledge, the
effects of pulse nonlinearity on Anderson localization re-
main experimentally elusive. Previous experiments per-
formed with a superfluid helium film failed to achieve
sufficient amplitude of the nonlinear pulse for its width
to be smaller than the localization length [25].

Here, we experimentally report how a KdV soliton
propagating on the surface of a fluid in a canal is af-
fected by a random or periodic bottom topography. The
spatiotemporal dynamics of such elevation solitons are
measured by five cameras regularly spaced laterally along
a 4-m-long canal. In particular, we show experimentally
that the pulse localization is enhanced by nonlinearity as
in the case of large-amplitude sinusoidal waves [14], but
to a lesser extent. For weak soliton amplitudes, the local-
ization length is found to be in quantitative agreement

with a linear shallow-water theory [24]. Different dynam-
ics are also highlighted behind the leading attenuated
soliton: Fission into slower, nondispersive pulses for the
periodic lattice, and scattering into dispersive waves for
the random case. Soliton dynamics over a random topog-
raphy in shallow water has been predicted theoretically
for a disorder scale, L, smaller than the soliton width
[ [26-29]. Here, we experimentally focus on the opposite
case (L 2 1) and compare it to the corresponding predic-
tions in the context of Anderson localization [24]. Note
that a few experimental and numerical studies have been
performed for a soliton propagating over an isolated im-
mersed obstacle [30-34] or a continuous step [35, 36], but
not over a lattice of immersed obstacles, despite poten-
tial applications regarding the ocean coastal protection
against large-amplitude waves such as tsunamis [37, 38].

Ezperimental setup and soliton generation.— The ex-
perimental setup is represented in Fig. 1. It consists of
a transparent canal of length L, = 4 m and of width
L, = 18 cm. The canal is filled with water to a depth
h = 5.5 cm. At one end, a linear motor drives impul-
sionally a paddle to generate pulse-like surface waves.
To do so, we prescribe a horizontal displacement of the
wave maker, atanh(t/7*), with « its amplitude and 7*
its characteristic time. The parameters a and 7* are
chosen following the method described in [39] to gener-
ate a soliton with a chosen amplitude Ay. The generated
soliton is expected to be a solution of the KdV equa-
tion [40]. Its amplitude Ay (before the lattice), its the-
oretical width [ = y/4h3/(3A4p) and supersonic velocity
¢ = co[l + Ag/(2h)] (with cg = \/gh the phase speed of
linear waves) are hence directly linked with each other
(see [41, 42] and Supplemental Material [43]). We will
use different experimental amplitudes Ay € [0.25,2.7] cm
leading to widths | € [9,30] cm, nonlinear parame-
ters € = Ag/h € [0.05,0.5], and dispersive parameters
p = (h/1)? € [0.03,0.37], both smaller than 1 and of the
same order of magnitude to balance weak nonlinear and
dispersive effects within an arbitrary depth fluid [41, 42].
In the flat bottom case, the solitonic shape is first verified
experimentally by fitting the experimental pulse with the
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FIG. 1. (a) Experimental setup to study soliton propagation
in a 4-m canal over a random or periodic bathymetry. a = 4
cm, d = 8 cm, L = 25 cm, and A = 5.5 cm. Typical wave
amplitude n(z) for a (b) flat, (c) periodic, and (d) random
bottom (L = 254§ cm) at ¢ = 2.5 s after the pulse generation
(Ao = 1.5 cm). Black rectangles indicate the bar locations.

KdV solution with no adjustable parameter once Aq is
fixed (see Supplemental Material [43]). We find that the
taller the soliton, the better the agreement as a cavity is
generated behind the leading pulse due to mass conserva-
tion. We will use the term soliton afterward, remember-
ing that it is not fully true for the smallest amplitudes.
The soliton propagates along the x axis and is reflected
at the end wall of the canal.

The spatiotemporal measurement of the surface eleva-
tion 7(z, t) is made by the use of five cameras (Basler, 20
fps, 6 Mpixel) regularly spaced laterally along the canal
[see Fig. 1], each filming an 86 cm side view with an angle
of 4° to the horizontal, following the method described
n [44]. The surface is illuminated from the top to gen-
erate a strong contrast between the water surface and
a black lateral background. The horizontal and vertical
resolutions are 0.28 mm/pixel. The five cameras are time
synchronized to film simultaneously the water surface
along the canal to rebuild the whole wavefield. To cre-
ate a spatially-dependent bathymetry, N = 9 rectangular
aluminum bars of width d = 8 cm and height ¢ = 4 cm
are placed along the bottom of the canal. Hence, the
water depth changes along the canal accordingly: h =
5.5 cm between the bars and hy = h — a = 1.5 cm over
each bar. For periodic bathymetry, the bars are located
regularly every L = 25 cm. The random bathymetry is
created from the periodic lattice by moving each bar by
a length ¢ chosen randomly and uniformly in the range
d € [-kL/2,kL/2] for each bar. & thus quantifies the
level of disorder from 0 (periodic case) to 1 (fully ran-

dom). The values of L, N and k =0 or 1 are fixed. The
spatial period of the lattice L is larger than or of the or-
der of the typical soliton width ! as I/L € [0.36,1.2], and
we restrict our study to the short-obstacle case discussed
theoretically [24]. The value of the obstacle height a has
been chosen to respect the short-obstacle approximation
and to make experimental measurements possible within
our 4-m-long canal.

Space-time evolution and wave spectrum.— Examples
of solitons traveling along the canal are shown in Fig. 1
for a (b) flat, (c) periodic, and (d) random bottom (see
also movies soliton.mp4 in Supplemental Material [43]).
We first observe that the bathymetry implies fissions of
the main soliton generating many waves behind it. This
dispersion involves a significant slowdown of the soliton
compared to the flat case as its amplitude decreases.
However, no difference emerges, at first sight, between
the periodic and the random lattices.

We plot in Fig. 2(a), (b), and (c) the space-time evolu-
tion n(x,t) of the soliton for the flat, periodic, and ran-
dom case, respectively. We also plot in Fig. 2(d), (e), and
(f) the corresponding spatiotemporal spectra |07(k, w)| of
the surface wavefield difference 6n(z,t) = n(z+dz)—n(z),
with dx the spatial resolution, taking only the first trip
into account (i.e., before end reflection). Note that com-
puting the spectrum of the surface elevation |fj(k, w)| pro-
vides similar but noisier results.

For the flat bottom [Fig. 2(a) and (d)], a KdV soliton is
observed, as expected. It travels along the canal with an
almost constant velocity, predicted by ¢ = ¢o[1+ Ao/ (2h)]
(dashed lines), and is reflected at the end wall (at ¢ =
4.5 8), before going backward [see Fig. 2(a)]. The spa-
tiotemporal spectrum of its first trip in Fig. 2(d) shows
that the wave energy is spread along a straight line also
characteristic of the constant velocity ¢ (see dashed lines)
that is larger than the linear wave speed ¢y = v/gh (solid
line), meaning that this elevation soliton is indeed super-
sonic. A slight decrease of the soliton velocity occurs at
the canal end because of a slight decrease in its amplitude
due to viscous effects (see below).

For the periodic and random cases, the spatiotempo-
ral evolutions of the soliton shown in Fig. 2(b) and (c)
appear similar. The bathymetry strongly slows down the
incident soliton, generating many waves behind it (see
patterns between the two horizontal white lines delim-
iting the lattice). Reflections of the incident soliton at
each step (see spots along a second straight line) lead to
backward reflected waves. After the lattice, two main
solitons, of reduced amplitude A¢ ~ 0.4 cm and velocity
¢y = co[l+ Af/(2h)], persist (see magenta dashed lines).
However, despite strong similarities between the space-
time evolutions, the periodic and random cases lead to
very different spatiotemporal spectra [see Fig. 2(e) and
(f)]. Indeed, for the periodic bottom, wave energy is
spread along several straight lines in the (k, w) space
of Fig. 2(e) (dash-dotted lines) as a signature of soli-
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FIG. 2. Space-time evolution 7n(z,t) of a soliton over a (a) flat, (b) periodic, and (c) random bottom (4¢ = 1.5 cm, € = 0.3).
Dashed-white line marks = = ct for the flat bottom. Magenta dashed line marks x = cyt with ¢y the velocity based on the
amplitude after the bathymetry. White rectangles indicate the bar locations of the lattice delimited by the horizontal solid
lines. Linear colorbar. Corresponding spatiotemporal spectrum |dn(k,w)| for a (d) flat, (e) periodic, and (f) random bottom
(first trip only). Dashed line: w = ck for the flat bottom. Solid-straight line: w = cok with co = y/gh. Dash-dotted lines

w = 'k + k,, with k, = (27n/L). Solid-curved lines: w? = gk tanh(kh) the linear wave dispersion relation. Log colorbar.

tary waves. These lines have all the same slope and oc-
cur at each spatial period of the periodic lattice (i.e.,
kn = 2mn/L with n € Z) showing that the incident soli-
ton undergoes fission at each step. This periodic pattern
is remarkable as it survives for nonlinear pulses compared
to the spectrum periodicity of linear sine waves over a
bathymetry [14]. These solitonic structures are mostly
present for k < 0 corresponding to backward waves in-
duced by reflections at each step. Additionally, a sec-
ondary forward solitary wave is observed for k£ > 0 (red
spot) corresponding to a reflected wave that has been re-
flected again in the forward direction. Such forward and
backward waves have the same velocity, independent of k,
and are well described by w = ¢*k + k,, (see dash-dotted
lines) with ¢* = y/gh* an effective velocity based on the
mean depth h* = 0.65h + 0.35h; = 4.1 cm as 65% of
the bathymetry has a depth of h and 35% a depth of h;.
This means that the incident soliton breaks into nondis-
persive pulses with a mean-depth-based effective velocity
smaller than ¢y = /gh the linear wave speed in the flat
case (solid straight line). Thus, the topography implies
a loss of the usual solitonic velocity ¢ = ¢g[1 + Ag/(2h)]
observed only before and after the lattice.

The spectrum for the random case in Fig. 2(f) is dif-
ferent. No solitonic wave emerges at each reflection of
the lattice step. Instead, most of the energy (exclud-
ing the incident soliton one) is present along the classi-
cal linear dispersion relation w? = gk tanh(kh), mean-
ing that mostly dispersive waves are generated over the
bathymetry. Despite similar spatiotemporal wave evolu-
tions, a strong difference in physics is hence evidenced

between the periodic and random cases.

Anderson localization and solitons.— As dissipation
has the same signature as Anderson localization of
multiple-scattered waves by disorder [i.e., exponential
spatial decay of the amplitude, see Eq. (1)], we first check
that dissipation is negligible. To quantify it, we plot in
Fig. 3 (black solid lines) the soliton maximum amplitude
Nmae () along the flat bottom canal for two different ini-
tial amplitudes Ag (i.e., € = 0.1 and 0.3). 9. (x) only
slightly decreases and is well fitted by an exponential spa-
tial decay Nmaz(x) = noexp (—z/lg) (black dashed lines)
with Iy = 12 £ 3 m. This dissipative length [; is inde-
pendent of € and much longer than the canal length L,
indicating that viscous effects are almost negligible.

For the random bottom, the soliton amplitude 7,4, ()
is much more altered by disorder as shown in Fig. 3 (red
solid lines). Fluctuations of 9,4, (2) are also observed at
each random step location as a consequence of the gen-
eration of scattered waves. Despite the presence of such
fluctuations, 7,4, (x) can be fitted with an exponential
spatial decay as,

n(x) = no exp (—z/£). (1)

where ¢ is the Anderson localization length [2]. The cor-
responding values of £ are then reported in Fig. 4 for
different initial soliton amplitudes Ay, i.e., different non-
linearities €. The localization length is found to decrease
with the soliton amplitude. This means that Anderson
localization is enhanced by nonlinearity as for the ini-
tially monochromatic wave case [14]. The experimental
values of ¢ are now compared with their theoretical val-
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FIG. 3. Evolution of the soliton maximum amplitude along
the canal for (black) flat and (red) random bottoms, and two
different initial amplitudes (e &~ 0.1 and 0.3). Vertical dash-
dotted lines represent the bar locations of the random case.
Dashed lines: best exponential fits Nmes = 710 exp (—z/).
Blue dash-dotted lines: theoretical evolutions of Nmqes from
Eq. (1) and Eq. (2).

ues & from a linear shallow-water theory of a soliton
propagating over a bathymetry as [24]

e =1/ | (14 Vazm) /(AT @)

that depends on the bathymetry features (L and h/h;)
leading to £ = 2.4 m for our experimental parameters.
The theoretical exponential attenuation of 7,4, (z) from
Eq. (1) using ¢ from Eq. (2) are then plotted in Fig. 3
in dash-dotted lines and well described the experiments
for weak enough forcing. In Fig. 4, this theoretical lin-
ear model ¢ from Eq. (2) agrees with experiments for
relative weak nonlinearities € € [0.1,0.2]. For stronger
nonlinearity, a departure is observed as other phenom-
ena such as vortices or capillarity are probably signifi-
cant and are not captured by this linear model. The lat-
ter is derived by assuming relatively short obstacles, i.e.,
Il <L < Ly, Lygis with L,y ~ /e = lh/Ap the nonlinear
length and Lg;s ~ I/p = I3/h? the dispersive length [24].
These conditions are valid experimentally as shown in the
gray area of Fig. 4 except for the smallest pulse € ~ 0.05
as the condition [ < L is not respected and its solitonic
shape is not reached (see Supplemental Material [43]),
explaining thus the departure with the theory. Similarly,
the condition L < L, Lg;is is no longer valid for the two
tallest pulses (see Fig. 4). To sum up, one has the rele-
vant length scales as | < L < Ly, Lgis S € < Ly < g,
as expected for solitons to be localized, with [ the soliton
width, L = 0.25 m the disorder scale, ¢ the localization
length, L, = 4 m the system size, and [; ~ 12 m the
dissipative length. These conditions are well valid exper-
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FIG. 4. Localization lengths versus nonlinearity e: experi-
ments (red bullets), linear theory £ (blue line) of Eq. (2)
valid within the gray area. Random bottom. Solid black
line: theoretical soliton width {. Dashed black line: theo-
retical nonlinear length L,; = [/e. Dash-dotted black line:
dispersion length Lg;s = I/ = 4L, /3. Experimental dissi-
pative length l; (black squares). Horizontal lines (from top
to bottom): canal length L, theoretical localization length
€*" . disorder scale L. Errorbars are from the exponential fit
errors (Fig. 3).

imentally for most probed soliton amplitudes (see Fig. 4).

Conclusion.— We have reported on the experimen-
tal dynamics of KdV elevation solitons propagating on a
fluid surface over a flat, periodic, or random bathymetry
in a canal. Using a spatiotemporal measurement, we have
evidenced, for the first time experimentally, how a soli-
ton is impacted by disorder in the context of Anderson
localization. For weak soliton amplitudes, the localiza-
tion length is found in agreement with a shallow-water
theory [24]. We also found that localization is experi-
mentally enhanced by nonlinearity, as in the case of ini-
tially monochromatic waves [14], although less efficiently.
For higher amplitude solitons, this linear theory over-
estimates the observed localization length as nonlinear
phenomena are not captured. Besides attenuating the
leading soliton, we reported that a periodic lattice leads
to the emergence of slower nondispersive pulses at each
reflection of the lattice step whereas mostly dispersive
waves are generated for the random lattice. Other lattice
parameters could be varied in a longer canal such as the
obstacle strength (bar height and width), or the random-
ness to investigate a continuous transition from the peri-
odic (k = 0) to fully random (k = 1) cases. Finally, other
phenomena could also be studied in such a setup, and
analyzed using inverse scattering transform method [45],
such as the possible existence of solitons within the band
gap [46] or the existence of soliton gas in a periodic or
random lattice [47]. The possible alteration of Anderson
localization for other nonlinear systems, such as solitons



governed by nonlinear finite-depth Schrodinger equation,
could also be investigated experimentally, and compared
to theoretical predictions [48].
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Supplemental Material of “Soliton Dynamics over a Disordered Topography”
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In this Supplemental Material, we present movies of a soliton over different bathymetries (Sec. S1) and experimental
soliton profiles and details of the Korteweg—deVries soliton solution over a flat bottom (Sec. S2).

S1. VIDEO OF A SOLITON OVER DIFFERENT BATHYMETRIES

The movie soliton.mp/ shows the spatiotemporal profiles n(x,t) of a soliton of initial amplitude Ay = 1.5 c¢m, over
a flat, periodic, and random bathymetry. The videos are recorded at 20 fps and are slowed down by a factor of two.
Black rectangles indicate the bar locations.

S2. EXPERIMENTAL SOLITON PROFILE AND KDV EQUATION

Using potential equations of water waves and the assumptions of weak nonlinearity ¢ and weak dispersion p, both
of the same order of magnitude € ~ p, the Korteweg—deVries (KdV) equation reads, in the flat bottom case, at the
leading order [40 - 42]

=0, (s1)

with 8 = z — ct the soliton comoving reference frame, ¢y = y/gh the phase speed of linear waves, h the fluid depth,
and c the soliton velocity as

c=cCp [1 + Ao/(Qh)] R (82)

with Ag the soliton amplitude. Capillary effects are here negligible since surface tension effects are much smaller than
the gravity ones as the Bond number Bo = pg”h2 ~ 107% < 1. For surface waves, the soliton solution of Eq. (s1) reads

n(x,t) = Agsech? [(z — ct) /1], (s3)

with | = \/4h3/(3A,) the typical soliton width [i.e., width at n = Agsech®(1/2)]. For a flat bottom, Fig. S1 shows
experimental solitons for three different impulse forcing amplitudes along with the KdV solution of Eq. (s3) of the
solitonic shape. For the smallest forcing used [Fig. S1(a)], a negative cavity is observed in the rear of the leading pulse
as a consequence of the mass conservation of the generated elevation pulse. This cavity is relatively less significant for
higher amplitudes Ag. Indeed, for moderate and higher forcing [Fig. S1(b-c)], the theoretical prediction of Eq. (s3) is
in better agreement with the experimental data.
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Figure S1. Experimental incident soliton for different impulse forcing, Ao = (a) 0.22, (b) 1.3, and (c) 2.4 cm, for a flat bottom.
Dashed lines correspond to the KdV solution of Eq. (s3) with no fitting parameter. [ is the soliton width.
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