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Understanding how statistical equilibrium can occur in out-of-equilibrium systems is of paramount
interest, as it would enable the use of statistical mechanics tools to these systems. Here, we report the first
experimental evidence of statistical equilibrium of the large scales of hydroelastic turbulent waves driven
by small-scale random forcing. The wave field statistics at scales larger than the forcing scale, resolved in
space and time, align well with the predictions of Rayleigh-Jeans equilibrium spectra over more than a
decade. We measure zero net energy flux in this regime, as expected. We also determine the effective
temperature, entropy, and heat capacity of this nonequilibrium system, demonstrating that classical
thermodynamic concepts apply to describe large scales in statistical equilibrium of turbulent systems.
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Introduction—Wave turbulence has been extensively
investigated to understand energy transfers within the
inertial range from the energy injection scale to the small,
dissipative scale [1]. However, the behavior of scales larger
than the forcing scale remains partially understood. It has
been proposed that large-scale modes in three-dimensional
(3D) turbulence have the same energy and are thus in a
statistically stationary equilibrium state [2,3]. This equi-
partition regime, also called thermal equilibrium, would
arise if no energy flux is transferred from the forcing scale
to the large scales. While numerical simulations have
confirmed the presence of statistical equilibrium in 3D
forced turbulent flows [4], experimental evidence of the
statistical equilibrium of the large scales in 3D turbulence
has only recently emerged [5.,6]. In wave turbulence,
statistical equilibrium has been predicted by weak turbu-
lence theory for nearly all wave systems without inverse
cascade toward large scales [1,7-9]. However, the few
studies reporting experimental investigations of statistical
equilibrium concern capillary wave turbulence on a fluid
surface [10] and flexural wave turbulence in a thin plate
[11], using a single point measurement. Condensation of
classical optical waves, from equilibrium statistics to the
fundamental mode, has also been reported [12,13].

Here, we report the first experimental evidence of the
large-scale statistical equilibrium in hydroelastic wave
turbulence, resolved in both time and space over more
than a decade. We measure zero net energy flux in this
regime. We also extend thermodynamic concepts (entropy,
heat capacity, Boltzmann energy distribution) to this non-
equilibrium system. This approach is of great interest
in various theoretical and numerical contexts, including
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glasses [14], active matter [15], 3D turbulence [16], non-
linear optics [17], and quantum fluids [18], but remains, in
general, an open challenge.

Hydroelastic waves are also highly relevant for practical
applications of great importance. In oceanography, they
provide a good approximation of waves propagating on the
ice-covered ocean surface [19,20]. The recent development
of very large floating structures, such as floating airports,
mobile offshore bases, and large floating solar-panel farms,
further highlights the need for a better understanding of
these waves [21]. In both cases, ocean swell can act as
small-scale forcing, leading to complex large-scale dy-
namics. At the laboratory scale, experimental studies on
hydroelastic waves span various contexts, including wave
turbulence (direct cascade toward smaller scales) [22,23],
elastic floating plates to mimic wave-ice floe interaction
[24,25], wake phenomenona [26], bandgaps similar to
those in solid-state physics [27], and subwavelength
focusing [28].

Theoretical predictions—For wave turbulence systems
involving three-wave nonlinear interactions, wave action is
not conserved, and so there is no inverse cascade carrying
action flux toward the large scales [7,8]. Wave dynamics at
scales larger than the forcing scale is hence expected to
follow a statistical (or thermodynamic) equilibrium regime,
that is, the kinetic energy equipartition among the Fourier
modes k [9]. For waves propagating in two dimensions, the
corresponding theoretical energy spectral density reads [7]
(see also Supplemental Material [29])

kg0
E(k) = 7,k (1)

where kp is the Boltzmann constant, € is an effective
temperature, and p is the fluid density. Equation (1) is the
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FIG. 1. Scheme of the experimental setup. Top-left: typical

amplitude 7(x, y) of hydroelastic waves.

analog for classical waves of the Rayleigh-Jeans spectrum
of the blackbody electromagnetic radiation.

Hydroelastic waves are described by combining the
Foppl-von Kdrman equations, governing the deformation
of a thin elastic sheet, with Bernoulli’s theorem for a perfect
fluid [33]. Neglecting sheet inertia (ke < p/p, with e and
p, the sheet thickness and density), the dispersion relation
of linear hydroelastic waves, in a deep water regime
(kh > 1 with h the fluid depth), then reads [20,22,34]

T B
' =gk+=k+=k, (2)
P p

where @ = 2zf is the angular frequency and k is the wave-
number modulus. The three terms of the right-hand side of
Eq. (2) correspond to gravity waves, tensional waves, and
bending (or flexural) waves, respectively, with gravity
acceleration ¢, and tension applied to the sheet 7. The
sheet has a bending modulus B = Ee?/[12(1 —1?)],
Young’s modulus E, and Poisson’s ratio v.

As hydroelastic waves involve three-wave inter-
actions [23,34-36], their large scales are thus expected to
reach a statistical equilibrium state. As justified below, con-
sidering only hydroelastic tensional waves in Eq. (2), using
Eq. (1) and the link between the energy spectrum and the
wave-amplitude power spectrum, ER4(k) = (T/p)k2Sy3(k),
lead to the power spectrum of hydroelastic tensional waves ina
statistical equilibrium state, as

kg0
SH(k) = Efi;k“. (3)

As this spatial spectrum is linked to the frequency spectrum
by S,(k)dk = S,(w)dw, using the dispersion relation and
Eqg. (3), give the frequency spectrum of statistical equilibrium
of hydroelastic tensional waves, as
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FIG. 2. Rescaled dispersion relation, f/ VT vs k3/2, for various
applied tensions 7: (left triangle) 1.0, (square) 1.2, (upward
triangle) 1.4, (circle) 1.8, (diamond) 2.3, (right triangle) 2.8,
(hexagon) 3.6, (pentagon) 4.1, (downward triangle) 5.1, (plus)
6.1, (circle) 7.0 N/m. Random forcing [50, 100] Hz. Solid line
corresponds to Eq. (2). Top inset: Unrescaled dispersion relation
for five different tensions 7 (see arrow). Bottom inset: PDF of the
normalized wave amplitude, 7/+/{5?),, for different tensions 7.
The solid line represents a normal distribution. Same symbols as
in the main figure.

kg0
Eq _ ®BY 1
Si'(f) 37rTf ’

(4)
To our knowledge, evidencing statistical equilibrium by both
the frequency spectrum and the spatial spectrum has never
been reported experimentally for any wave turbulence
systems.

Experimental setup—The experimental setup is shown in
Fig. 1. It consists of a square tank of L x L x h with a depth
h =100 and L = 600 mm. The tank is fully filled with
water and covered with a white elastic sheet made of
silicone rubber (Ecoflex 00-30 soft elastomer) of thickness
e=0.5mm, density p;/p~1, E=7x 10* Pa, and
v~ 0.5 [37]. A column filled with water is connected to
the bath, to control the imposed pressure in the liquid and
the mean applied tension to the sheet in the range
Te[1,7] N m~'. Hydroelastic waves are generated by
the vertical motion of a disk-shaped wave maker,
50 mm in diameter, driven by an -electromagnetic
shaker (LDS V406), randomly in a frequency range
f» €150,100] Hz. The shaker is fed with a bandpass-
filtered Gaussian white noise signal. An accelerometer is
placed on top of the wave maker to measure its acceleration
and velocity. The vertical deformations of the sheet are
either measured at a given position with a laser Doppler
vibrometer (LDV) (Polytec OFV5000-505), or are fully
resolved in space and time using the Fourier transform
profilometry (FTP) method [38] with a camera (Basler
acA2040) recording at 120 fps the deformation of a fringe
pattern projected over the sheet by a full-HD video
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FIG. 3. Power spectral density of the wave amplitude S, (k) as a
function of k/(2x) for a tension 7 = 5.1 N/m. The red dashed
line has a slope —1. The arrow indicates the corresponding
forcing range in k. Black-dashed line: first axisymmetrical
eigenmode k; /(27) [29,30]. Black-dotted line: 1/£,. Inset:
spatiotemporal spectrum S, (k, ) versus f and k/(2z). Solid
white line corresponds to Eq. (2). Black line indicates the limit
above which the forcing occurs.

projector (Epson EH-TW9400). The acquisition frequency
for the accelerometer and the vibrometer is 2 kHz. A solid
ring placed on the tank plays a crucial role in highlighting
statistical equilibrium, as it favors wave reflections in all
directions while preventing the emergence of the square
tank eigenmodes (see Supplemental Material [29]). Note
that the sheet at rest is flat everywhere except close to the
solid ring where all the curvature is confined.

Dispersion relation—To investigate the behavior of the
large scales of hydroelastic waves, the system is forced at
small scales, randomly in a frequency range f,. Random
hydroelastic waves are then observed, as shown in Fig. 1
(top-left). Typical wave steepness is 0.02, and typical wave
amplitude is 1 mm. The spatiotemporal spectrum S, (k, w)
of the wave field, 7(x, y, ), is then computed by performing
a Fourier transform in space and time, then a polar
averaging in Fourier space to obtain #(k,®) and thus
S, (k. w) = [i(k, )|*/(L*At), with L the ring diameter
and Ar =60 s the acquisition time. The experimental
dispersion relation is obtained from the maximum value
of the spectrum S, (w.k) at each k. The inset of Fig. 2
shows the experimental dispersion relation obtained for
different applied tensions 7. Remarkably, the wave energy,
injected at small scales, is spread over all scales larger than
the forcing scale. The dispersion relation is steeper when T
is higher, as expected from Eq. (2). The tension value is
inferred by a polynomial fit of data to Eq. (2), as T is the
only unknown parameter. When rescaled by 1/ /T, all the
experimental data collapse to a single curve (see main
Fig. 2), highlighting the tensional nature of the waves.
Note that for the largest scales (lowest k) gravity slightly
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FIG. 4. Power spectral density of the wave amplitude S,(f)
rescaled by T as a function of the frequency f for various tension
values T'. Dashed line has a slope of —1 [Eq. (4)]. Dotted vertical
line indicates the first axisymmetrical eigenmode f; = 1.4 Hz.
Gray region: forcing f, € [50, 100] Hz. Inset: energy flux e(f)
measured in the statistical equilibrium regime (blue line) for a
small-scale forcing (gray region), and in a reference experiment
(red line) for a large-scale forcing (red region) of the same
strength.

affects waves. Indeed, the typical length scale sepa-
rating the tensional and gravity regimes in Eq. (2) is
Cy =2m\/T/pg with 1/£,,€[6,16]m~'. Note that this

transition is smooth and below 1/, the tension still affects

the waves. Bending waves are here negligible as the transi-
tion occurs at £, =2x\/B/T with 1/¢,, ~300 m™!,
whereas the forcing scale is 1/1, ~ 50 m~!.

Equilibrium power spectra—The spatial power spectrum
of the wave amplitude, S, (k), is computed experimentally
by averaging the spatiotemporal spectrum S, (k, @) over the
frequency range. Figure 3 shows that the spatial spectrum
prediction of the statistical equilibrium given by Eq. (3)
(see dashed line) is well verified over one decade exper-
imentally. The wide peak at small scales corresponds to the
energy injection at k,(f,)€[35,50] m™'. The inset of
Fig. 3 shows the spatiotemporal spectrum S, (k, ) for
the same experimental data. The energy is indeed con-
centrated around the theoretical dispersion relation (see
white line) of linear waves as expected for the equipartition
of the energy among large-scale Fourier modes. The
frequency spectrum prediction of Eq. (4) is also well
verified experimentally as shown in Fig. 4 for various
tension values. S,(f) is obtained using the vibrometer
measurement at a given position and is indeed found to
scale as f~!/T over more than one decade in f from the
forcing frequencies f, down to f; corresponding to the
system’s first eigenmode. This is thus a second independent
evidence of statistical equilibrium of large-scale hydroelas-
tic waves. Following [39], we measure the experimental
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FIG. 5. Effective temperature 6 of the statistical equilibrium

regime of the large scales, estimated by (empty circle) the integral
I of the frequency spectrum versus the applied tension 7 and by
(bullet) directly computing the wave amplitude variance a,%. Red
dashed line corresponds to the right-hand side of Eq. (5), with
6 ~8 x 10" K. Inset: § versus o; for different forcing amplitude
at a fixed tension 7' = 2.8 N/m.

energy flux e(f) from the spectral energy dissipation (see
Supplemental Material [29]). As shown in the inset of Fig. 4,
for far enough forcing scales, we find zero net energy flux
within statistical equilibrium (blue curve), as expected. Note
that large-scale dissipation is measured to be less than 5%
[29], thus not affecting statistical equilibrium [40]. Finally,
at small scales (f > f},), no wave turbulence spectrum is
observed in main Fig. 4 as strong dissipation leads to a steep
spectrum ~ f~8, thus far from previous experimental obser-
vations of tensional wave turbulence with a latex sheet [22].
As expected by statistical equilibrium, the probability
density function (PDF) of the wave amplitude, 5(¢), nor-
malized by its rms value oy 1s found to be Gaussian
regardless of the applied tension (see inset of Fig. 2).
Moreover, the experimental PDF of the temporal fluctua-
tions of the wave energy follows an exponential Boltzmann-
like distribution (see Supplemental Material [29]).

Effective temperature—QOne way to estimate the effective
temperature @ is to integrate both members of Eq. (4) over
the large-scale frequency range, fulfilling the statistical
equilibrium prediction as

1= " s (df = K0 v min(r) /5. (5)

fL 3xT

The experimental values of the integral / are shown in
Fig. 5 for different T at fixed forcing amplitude. They are
roughly found to decrease as the inverse of the applied
tension, 1/T, as predicted by the right-hand side of Eq. (5)
shown by the dashed line in Fig. 5, its slope leading
thus a measurement of the effective temperature as
0 ~8 x 10" K. 0 is found to be 13 orders of magnitude
higher than the room temperature, as also found for
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FIG. 6. Evolution of the partial derivative of entropy to 6 versus
the effective temperature. Different forcing amplitudes. Dashed
line has a slope of —1. Inset: rescaled experimental heat capa-
city C,. Dashed line shows the prediction of Eq. (6).

statistical equilibrium of large scales of capillary wave
turbulence [10] and of 3D turbulence [5]. One can also
estimate the effective temperature by directly computing
the wave-amplitude variance o; = (), which is equal,
according to Parseval’s theorem, to the area / under the
frequency spectrum, and thus to O',% ~0/T, using Eq. (5).
These scaling laws are well verified experimentally in
Fig. 5, this second estimation leading to similar temperature
values. In practice, the temporal signal 7(¢) is low-pass
filtered below f), when computing o,% to focus only on the
large-scale range. Finally, by varying the forcing strength,
we find that the experimental effective temperature scales
as 0 ~ a% as shown in the inset of Fig. 5 (see corresponding
spectra in Supplemental Material [29]).

Entropy and heat capacity—The above evidence
of a statistical equilibrium regime for large-scale random
waves paves the way to apply classical thermo-
dynamic concepts to describe them. For instance, from
H-theorem, the statistical equilibrium is known to maxi-
mize the entropy S = kg [log [n(k)]dkL?/(2x)* of the
wave system where n(k) = E(k)/w = n(w) is the wave
action [7]. & can be inferred from the experimental
temporal spectrum S, (w). Indeed, using the dispersion
relation of tensional waves w = /T /pk’/?, the entropy
reads S = kzL?(p/T)*? [, log[n(w)]w'*dw/(3x) with
n(w) = [3T/(4np)]S,(w). One can then compute the
derivative of the entropy with respect to tempera-
ture to obtain heat capacity, at constant volume,
C, = 0(05/d0), while keeping constant all other variables.
Figure 6 shows the evolution of d5/06 as a function of the
effective temperature and a clear 8~ power law is reported.
Indeed, injecting the Rayleigh-Jeans energy spectrum
of Eq. (3) into the above entropy definition gives

0S5/00 = k0! f,fL” 2rnkdkL?/(2x)? (see dashed line in
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Fig. 6) in good agreement with experiments. The effective
heat capacity of the wave system is thus found to be
independent of @ (see inset of Fig. 6) as expected by the
prediction

1
CB =2 N, (©

where Ny = (k3 — k7 )L?/(2x) is the number of degrees of
freedom. The heat capacity of large scales in equipartition
thus corresponds to the wave energy per unit temperature
stored in the band bounded by the system scale (k; ) and the
forcing scale (k,). When rescaled by N, > it becomes
independent of the system and equals the Boltzmann
constant kp as observed experimentally in the inset of
Fig. 6. As k, > k;, one has N} ~2x(L/¢,)* ~5600.
This number of degrees of freedom is huge compared to
microscopic system ones. Still, it remains finite because the
small-scale forcing provides a natural Fourier-space ultra-
violet cutoff, which prevents the total energy divergence
(that would be due to energy equipartition in an unbounded
Fourier space). As here, the space is bounded by k,, the
equipartition and Rayleigh-Jeans spectrum thus emerge, due
to nonlocal nonlinear wave interactions [7].

Conclusions—We have reported the first experimental
evidence of a statistical equilibrium regime of large-scale
hydroelastic tensional waves in coexistence with nonequili-
brium small-scale dynamics dominated by random forcing.
We also show that some thermodynamic concepts apply to
describe the large scales of a turbulent system in a statistical
equilibrium regime. In the future, we will investigate the
dynamics of thermalization, namely how the large scales in
statistical equilibrium decay over time when small-scale
forcing is stopped. For such nonequilibrium systems with
large scales in statistical equilibrium, it will be also of
paramount interest to determine whether other classical tools
of equilibrium or nonequilibrium statistical mechanics, such
as the fluctuation-dissipation relations, fluctuation theorem,
Green-Kubo relations, and large deviations theory, can be
experimentally applied. These tools have recently been
explored numerically in 3D turbulence [41] and for model-
ing large scales of 2D geophysical turbulent flows [42]. This
approach could also be extended to other turbulent systems,
such as capillary wave turbulence [10], elastic wave turbu-
lence [11], optical wave turbulence [13], superfluids, and 3D
Bose-Einstein condensates [43].
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Supplemental Material of “Thermodynamics and statistical equilibrium of
large-scale hydroelastic wave turbulence”

Marlone Vernet and Eric Falcon
Université Paris Cité, CNRS, MSC, UMR 7057, F-75013 Paris, France

In this Supplemental Material, we present spectrum definitions (Sec. S1), a brief explanation of the prediction of the
statistical equilibrium spectrum (Sec. S2), a movie of random hydroelastic waves in statistical equilibrium (Sec. S3),
the effect of the container geometry (Sec. S4), the energy flux measurement (Sec. S5), the temporal fluctuations of
the wave energy and its corresponding probability distribution (Sec. S6), the experimental scaling of the effective
temperature of the large scales with the forcing (Sec. S7), the characterization of the system isotropy (Sec. S8), and
additional theoretical predictions in a case of pure hydroelastic bending waves in statistical equilibrium (Sec. S9).

S1. SPECTRUM DEFINITIONS

The three-dimensional (2D+1D) Fourier transform, in space and time, of the wave amplitude n(x,y,t) is defined as

(ke by, w) = / n(w,y, t)e” Fer byt dudydt. (s1)

b
(27)3/2

To compute the spatiotemporal power spectrum, the field 7(k;, ky,w), is first interpolated in polar coordinates (k, ¢)
27 .

o Nk, @, w)kdp. The spatiotemporal

power spectrum Sy, (k,w) of the wave field is then defined, including its normalization factor, as

with k& =, /kZ + k2 and ¢ € [0, 271], before applying a polar average 7)(k,w) =

L. 2
Sﬂ(k7w) = @'n(kvw)| ) (82)
with L being the system size and At the recording time window. In the same manner, the two-dimensional Fourier
transform in space is given by A(ky, ky,t) = [n(z,y,t)e”FeoTRsdrdy/(27) from which interpolation and polar
average give the field 7j(k,t). The spatial power spectrum S, (k) of the wave field is defined as

1,
Sn(k) = 25 1k, ), (s3)
while (-); denotes a temporal average, and the temporal power spectrum is defined as S,(w) = |H(w)[*/At with

i(w) = [n(t)e™“dt/\/2n. Finally, regardless of the considered wave type (gravity, tensional, or bending), the
wave-amplitude power spectrum S, (k) is related to the energy spectrum E(k) by S, (k) = kE(k)/w?.

S2. STATISTICAL EQUILIBRIUM SPECTRUM

When a system reaches thermodynamic equilibrium in a bounded Fourier space, its spectral energy density E(k)
is given by the equipartition principle, which states that all modes have the same energy kpf per degree of freedom
(also called the Rayleigh-Jeans spectrum), with kp the Boltzmann constant and 6 the effective temperature. For
isotropic systems with two dimensions of propagation, the number of modes in a bandwidth [k,k + dk] is g(k)dk =
2mkdk/(2m/L)* where L is the system size. Multiplying this number of modes times the energy per mode per mass,
thus gives the spectral energy density per unit density and surface is thus

E 2rkdk 1
q S
E (k‘)dk = kBQ X 7(2 /L)2 X LQ, (54)

and thus Eq. (1) of the main text. Note that no energy divergence occurs at small scales (k — 00) since a natural
ultraviolet cutoff is provided by the forcing scale k,. A rigorous derivation of the Rayleigh-Jeans equilibrium spectrum
is obtained using the entropy maximization in a classic limit [7].

S3. MOVIE

The file Hydroelastic Waves.mp/ shows a movie of the random hydroelastic wave field n(x, y,t) in statistical equilib-
rium. Typical wave steepness 0.013 and rms value 0.1 mm. Random forcing f, € [50,100] Hz. Applied sheet tension
T =5.1 N m~!. The movie is recorded at 120 fps and is slowed down by a factor of 12.



S4. EFFECT OF THE CONTAINER GEOMETRY

Figure S1 shows spatial power spectra of wave amplitude, S, (k), obtained either with the square container geometry
(red curves) or the circular one (by adding a circular ring on the container - black curves), for roughly the same forcing
and applied tension T = 3.0 N m~'. In the circular geometry, the main container eigenmode is much less dominant
than the square-container mode, thus significantly extending the scale separation of observation of the statistical
equilibrium. For a square tank, the eigenmodes read k, = pV2m/L with p € N and L the wall size [30]. For a
cylindrical tank of radius R, the boundary condition for a sheet attached to the ring is n(r = R,0,t) = 0. The first
eigenmodes ky, , are thus the lowest n-th zero of the Bessel function of first kind of order m, Jy(konR) = 0 for
axisymmetric modes, and Ji(k1,,R) = 0 for nonaxisymmetric modes, with n € N [30]. Note that circular boundary
conditions may sustain three-way nonlinear gravity-wave interactions [31].
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Figure S1. Power spectral density of the wave amplitude S, (k) with the solid ring [black (o)] and without [red (O)]. Fixed
tension T = 3 N m ™. The grey solid line has a slope —1 corresponding to the statistical equilibrium prediction of Eq. (3), which
is experimentally revealed in the presence of the solid ring. Vertical red-dashed line: first square-container mode k1 = \/§7r/ L.
Vertical red-solid line: main square-container mode ks = 5v/27/L. Vertical black-dashed line: first axisymmetrical eigenmode
of the circular geometry koo (denoted kz in the text). L = 2R = 600 mm.

S5. EXPERIMENTAL MEASUREMENT OF THE ENERGY FLUX

We estimate the energy flux e(f) at scale f following the method described in Ref. [39]. As the energy is conserved,
the energy budget in Fourier space reads

atE(fvt)+af€(fat):I(f7t)7lD(f7t) (55)

where €(f) is the energy flux, Z(f) denotes the spectral energy injection, D(f) = E(f)I'(f) corresponds to the spectral
energy dissipation, and E(f) is the spectral energy density. The energy dissipation rate I'(f) is experimentally
measured using the time-frequency spectrum (or spectrogram) of the wavefield once forcing is stopped [32]. We
experimentally find that T'(f) is an increasing function of the frequency, as I'(f) = v(p/T)Y/3 (21 f)7/¢/(2v/2). Tt
means that a linear viscous dissipation law by surface boundary layer (inextensible film) is involved since I'(f) =
k+y/vw(k)/(2v/2) [1]. This dissipation law comes from the vanishing horizontal velocity boundary condition on the
sheet. In a stationary state, and far enough from the energy injection range (f, € [50,100] Hz), Eq. (s5) becomes

dge(f) = —=D(f). (s6)

By integrating Eq. (s6) either over f < min(f,), which is denoted by e(f)<, or over f > max(f,), denoted by €(f)~,
one finds

—+oo

f
e(f)~ = —/0 ENTA)df e(f)” = f ENTS)df - (s7)



From Eq. (s7), e(f)< is always negative and thus corresponds to an energy flux towards the large scales, while e(f)~

estimates classically the positive energy flux towards the small scales. This result relies on the reasonable assumption
that there is no energy flux for f = 0 and f = 4+00. As shown in the inset of Fig. 4 of the main text, Eq. (s7) thus
gives an experimental estimation of the energy flux at each scale from the measured energy spectrum E(f), as I'(f)
is experimentally known. Figure S2 shows the corresponding S, (f), E(f), and D(f) for the statistical equilibrium
regime (blue lines) with small-scale forcing (grey region) and a reference experiment (red lines) with large-scale forcing
(red region) of the same strength. Finally, the spectral dissipation ratio R is estimated to be ~ 5% using

fomi“(fp) D(f)df y
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10710
107 1) 1075 4(b) o1l
-8
7 710710 S U
=100 B E1071
21012 §10 =107
10-14 1071 1071
10716
1 —-16 1 —-16
0 100 10* 102 0 10Y 10* 102 100 10! 102
/ [Hz] [ [Hz] [ [Hz]

Figure S2. (a) Wave-amplitude power spectrum S, (f) used in the experimental estimation of energy flux e(f) in the inset
of Fig. 4 of the main text. Blue lines: small-scale forcing case (statistical equilibrium case — f, € [50,100] Hz). Red lines:
large-scale forcing (reference case — f, € [3,7] Hz). Similar forcing strength. (b) Energy spectrum E(f) obtained by using the
relation E(f) = (T/p)'/(2n£)*/3S,(f). (c) Spectral dissipation D(f) = E(f)['(f). Note that the integral over the frequency
range of D(f) is of the same magnitude in both cases.

S6. TEMPORAL FLUCTUATIONS OF WAVE ENERGY AND PROBABILITY DISTRIBUTION

The distribution of wave energy fluctuations is computed by the time-frequency spectrum (or spectrogram) S, (f,t)
from the temporal signal 7(¢), measured thanks to the LDV. We compute S, (f,t*) = tt* ot (n(t)n(t +7)),e” 27 7qdt
over a short time interval 6t = 0.5 s and integrate in time to obtain S, (f,t). ¢t is long enough to observe the
statistical equilibrium and short enough to measure the wave energy fluctuations. The spectrogram is integrated over
the frequency band fulfilling the statistical equilibrium, that is, between the first axisymmetrical eigenmode f7,, which
is of the same order of magnitude as 1/6t = 2 Hz, up to the forcing frequency min(f,). Using the dispersion relation
and the link between the energy spectrum E(f) and the wave-amplitude power spectrum S(f), one obtains the wave

energy temporal fluctuations as

FA38,(f.t)df. (s9)

(2#)4T} 13 /min(fﬁ
p

E(t) = [

L

To obtain statistically significant data, n(¢) is recorded over a time 7 ~ 24h, large compared to d¢t. Figure S3(Left)
shows the temporal fluctuations of E(t) where large fluctuations are observed. Figure S3(Right) displays the PDF
of the centered wave-energy fluctuations, E(t) — (E);, which exhibits a clear exponential tail as expected for a
Boltzmann distribution for a statistical equilibrium regime. Note that for a pure exponential distribution of variable
x, the skewness (2%)/(22)3/2 is expected to be 2, and the kurtosis (z*)/(x2)? to be 9. Here, we obtain experimentally
1.3 and 7.7, respectively. Note that the departure from the Boltzmann distribution close to the mean in Fig. S3(Right)
is due to how E(¢) is computed. Indeed, this departure is reduced by diminishing §t but leads to a truncation of
the time-frequency spectrum as then 1/6t would be larger than fr. Finally, integrating Eq. (s9) over time and using
Eq. (4) gives the prediction of the temporal average of the energy fluctuations as

Eq Tl/3A

(E)" = Wk397 (s10)



that thus depends on kg6, the bandwidth A = min( fp)4/ 3 fé/ % of the statistical equilibrium regime, and the typical

physical parameters of the dispersion relation. By evaluating Eq. (s10), we obtain (E);%/(kpf) ~ 8.0 m s~2kg~! of
the same order of magnitude as the experimental value (E);/(kpf) ~ 13.5 m s~2kg~! in Fig. S3(Left).
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Figure S3. Left: Temporal fluctuations of the wave energy recorded during 7 =~ 24h (enlargment). Right: Probability

density functions (PDF) of the temporal fluctuations of the wave energy, E(t) — (E):.

(o) Experiments

with (E):/(kpb) ~

13.5 m s kg~ ! with @ experimentally inferred as in the main text. (——) Prediction of Boltzmann distribution of the statistical
equilibrium regime as PDF~ exp [~ (E(t) — (E);)/(ckp8)] with o ~ 4.3 m s 2kg ! close to the value ([E(t)—(E)¢]?)1/?/(kpb) ~

5.1 ms %kg !

S7. SCALING OF THE EFFECTIVE TEMPERATURE WITH FORCING

We show in Fig. S4 the dependence of the effective temperature 6 of the large scales on the wave steepness.

10—24
10725 i

10726
.é 10727
>
~
<1072

~—

Ll

I 1 HIIHII

-~
~~o

LTI

1 IIHHII Il IHHIII Il IHHIIl 1 IIIIIII| 11

10
f 17

f, 100

Figure S4. Power spectrum of the wave amplitude, Sy, (f), rescaled by the effective temperature @ for different forcing strengths
(wave steepness € = 0.003, 0.005, 0.008, 0.01, 0.013, 0.016, 0.019, and 0.023). The different values of 6 correspond to the ones
shown in the inset of Fig. 5 in the main document. No clear deviation from statistical equilibrium (dashed line) is noticed. The
bottom red curve corresponds to the wave-amplitude spectrum of the forcing, which is at least three orders of magnitude lower
than that of the statistical-equilibrium spectrum far from the forcing region.



We can also obtain the dependence of 6 on the injected power. To do so, we measure the power injected by the
wavemaker, P = (F - V);, where F is the force applied by the shaker to the sheet, and V is the wavemaker velocity.
We find experimentally 6 « o?, and P ~ of on two decades as shown on Fig. S5, where oy = /(V2); is the rms
value of V. One has thus 6 o P3/2.
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Figure S5. Left: Power injected by the wavemaker, P = (F-V); versus the wavemaker rms velocity, oy = /(V?),, for different
applied tensions. Same symbols as in Fig. (2). F(t) is the force applied by the shaker to the sheet, and V' (¢) is the instantaneous
wavemaker velocity. The dashed line has a slope 2 showing P ~ o2 on one decade. Right: Effective temperature 6 of the
large scales with the forcing strength. Fixed tension T = 2.8 N m~!. The dashed line has a slope 1 showing § x o% on two
decades. oy is the wavemaker rms velocity. Injecting this scaling in P ~ o of Fig. S5(left) thus leads to 6 P32,

S8. CHARATERIZATION OF THE SYSTEM ISOTROPY
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Figure S6. Left: Top view of the experiment (schematic) of the circular membrane (black circular ring) showing different
locations (symbols) of the wave-amplitude pointwise measurements (made with LDV) to test the system isotropy for three
different wavemaker locations (black, grey, or red circles). Due to experimental constraints, not all the sheet area is accessible
for measurements. Right: Wave-amplitude power spectrum S,(f) for a fixed forcing value, but measured at different distances
from the wavemaker (corresponding to the different symbols in the Left figure). The inset shows the corresponding values of
the effective temperature 6 as a function of the distance d from the wavemaker. The different symbols and colors correspond
to various wavemaker positions within the tank (see Left figure). A slight increase in effective temperature is noticed close to
the wavemaker while relatively good isotropy is evidenced far enough, as expected.



S9. PREDICTIONS FOR PURE BENDING WAVES IN STATISTICAL EQUILIBRIUM

Although bending waves are almost negligible in our experiment, we give below the spatial and frequency power
spectra predictions of pure hydroelastic bending waves in a statistical equilibrium regime. Considering only bending
waves in the dispersion relation of Eq. (2), using Eq. (1), and the link between the energy spectrum and the wave-
amplitude power spectrum, E(k) = (B/ p)k45’7}73q(k), leads to the power spectrum of hydroelastic bending waves in
statistical equilibrium, as

kb s

11
2mB (s11)

E
Sy (k) =
Using the link between this spatial spectrum and the frequency spectrum, S, (k)dk = S, (w)dw, with the dispersion
relation and Eq. (s11), gives the frequency power spectrum of statistical equilibrium of hydroelastic bending waves,
as

kgt —9/5

Eq —
Syt(w) = 57r(,0233)1/5w

(s12)

The predictions of Egs. (s11) and (s12) could be tested experimentally if the energy is injected at high enough wave
numbers such that k, > k;;, where ky, = 27 /£y, with £y the transition length between tensional and bending (flexural)
waves (see main text).
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