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The 3-Wave Kinetic Equation

3-Wave Turbulence

H=T+U= /wkakékdk+ / u(k)dk
Forcing and dissipation are added to Hamilton’s equations:

da _ ;oH
ot 53

+ f — K8k

ag, ax are complex canonical variables. Interaction energy:
u(kq ):/ Vicikoks (8K, ko ks + 8k, Ak, A ) O(K1 — Ko — k3) dkodks
Scaling parameters : Dimension, d:  k € R?

(d, a, ) Dispersion, o wi ~ k° -
Nonlinearity, v:  Vi,koks ~ K7 WARWICK
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The 3-Wave Kinetic Equation

The 3-wave kinetic equation

Evolution of WT wave spectrum, g, given by:

8nk1
ot

2
= 7r/ Vk1k2k3(a1 Micy Mg — @2 Nk, Nk, — 83Nk, Nk,)

0wk, — Wk, — wky) 6(K1 — k2 — K3) dkadks

2
+7r/ Vk2k1k3(a1 Nig, Mg + @2 N, N, — 83Nk, Nky)

5(why — Wiy — Wk, ) 0(k2 — kg — Ky) dkodKg

+m / Vi ko (31 Mk Mg — @2k, N, + 337k, M)
5wk, — Wk, — wky) 5(Ka — Ky — Ko) dkadks
= a;S4[n] + a>Sz[nk] + a3 Ss[nk]
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The 3-Wave Kinetic Equation

Isotropic Kinetic Equation: Forward Transfer

Angle averaged spectrum, N, = %wd%anw, satisfies:
ON,,
ot

= a151[NL] + a2S2[N] + a3 S3[N.]

S1[No,] Z/L1 (w2, w3) Ny Noys 6 (w1 — w2 — w3) dwodws
—/l_1 (wg,w1) Nws Nw1 (5(&)2 — w3 — LU1) dwgdW3

—/L1 (W1 s WQ) Nw1 Nwz (S(W(g — Wi — wg) dWQdW(g,

Details are hidden in the kernel L(wq,w»). Scaling of the
interaction coefficient:
2y —«

WARWICK

L1(M1,Ld2) ~w>‘, A=
67
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The 3-Wave Kinetic Equation

Isotropic Kinetic Equation: Backward Transfer

So[N,,] :—/Lg(ng,uJ3) N, Ny, (w1 —ws —w3) dwodws
+/L2(w3, w1) Nw2 Nwa (5(&)2 — w3 — LU1) dwzdw;3

+/L2(w1,w2) N(_L,3 Nw1 (5((4)3 —wy — u)g) dwodws,

S3[N.,] Z—/Ls(wz,%) Noy N, 6 (w1 —wz —w3) dwodws
+/L3(w3, L«J1) Nw2 Nws (S(WQ — w3 — w1) dWQdW(g

+/L3(w1,w2) Ney Noy, 6(ws — wy — wp) dwpdws.  wikwick
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The 3-Wave Kinetic Equation

Physical Meaning of the S;[N,]: Triad Formulation

Rates:
AE»/@ AE;+AF;
o ° 81 [Nw]

(Sj (T)k (T)i Loss w/': wj L1 (wj, wk) ij ka.
Loss Wk Wk L1 (wj, wk) ij ka.
;+AE,
W iy )
° ° e 0} Gain Wwj. wj Lg(w/’, wk) Nw/ ij.
Wy o] ;

Gain Wk Wk Lg(wj,wk) Nw,. Nw/.

AE; +AEy ° 83[Nw]
AF, AE; ’ Loss wjt wj Lg(wj', wk) N, N, -

® Loss wk: wik La(wj, wk) Ny, Noy-
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The 3-Wave Kinetic Equation

The Kolmogorov-Zakharov Spectrum

Zakharov transformation yields stationary solution:

= Ckz \FJQJ—AT%.
where
2 dl
=4\/— A=
Ckz AJ dX :%
and

= [ BTNy
( y2X A—2 (1 y)2x A— 2) dy
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The 3-Wave Kinetic Equation

Numerical Solution of the Isotropic Kinetic Equation

For various reasons one may be interested in more than just
the KZ solution. There are no known exact solutions.
Discrete case: N = (Ny, No, N3, ...). Ni = N(wj), wj = iAw.
Reduces to a large set of coupled ODEs for N:

o = SIN| = SiINJ + S:IN] + S;IN]

Numerical solution presents some particular difficulties:
@ Widely varying timescales =- use adaptive timestepping.
@ System is very stiff = require implicit solver.
@ Need to resolve very many modes to measure scaling
exponents = need to approximate the collision integrals.

WARWICK
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The 3-Wave Kinetic Equation

Stiffness: L(w1,w2) = w? + w3, 1000 modes

2
Wave Energy —— Imp\lclt Trapezoldal Method —e—
2" Order Runge-Kutta Method —#&—

>
S -
g 1 5 o4
w
05 0.01 Pressiitch
!
0 0.001
0 1 2 3 4 5 6 0 1 2 3 4 5 6

Implicit trapezoidal rule (stepwise error of h®):

N(t+ h) — N(t) — % h [S[N(t)] + SIN(t + h)]]
WARWICK

Solved via Rosenbrock algorithm.
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The 3-Wave Kinetic Equation

Computing the Collision Integrals 1

@ Divide frequency domain into bins B; = [w,(L),w,(H)] having
characteristic frequencies Q; = %(w,w) + wa))
exponentially spaced (except for the first few).

@ Apply triad formulation of collision integrals to compute
effective energy transfer between bins rather than between
individual modes.

@ S¢[N] requires us to approximate integrals of the form

NG (R)

/(L/) dwj /(L/) dwj (wi + wj) L(wj, wj) N(w)) N(wj)

w(- w/

@ Approximation: if ﬁj <= Q, treat all waves in B; as having
frequency ;. (H. Lee 2001) WARWICK
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The 3-Wave Kinetic Equation

Computing the Collision Integrals 2

@ Thus we obtain one-dimensional integrals which can be
done by quadrature:

AE = §~2,-N(S~21)/I d wi, L(wi, wj) N(wj)

§e

WP
AE = N(Q) /(L) d wj, L(wj, wj) wi N(wj)
AEx = AEi+AE;.
@ Similar expressions for S>[N,,] and S3[N,,].

@ Many technical details not worth discussing.

WARWICK
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The 3-Wave Kinetic Equation

Validation of the algorithm

@ Stationary scaling
exponents are insufficient

Posiconimdies 0 for validation.
g Product kernel numerics o
K&a\ @ For some model
oe "“E;\\\;\e‘;_ interactions cgz can be
T e calculated exactly.
N @ Product kernel:
TR TR RPT R Li(wy,w2) = (wyw2)2.
r
Computing ckz tests the @ Sum kernel:
dynamics. 1
Li(wy,wp) = = (w] + wo
1\, w2) = 2 1 2 " WARWICK
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The 3-Wave Kinetic Equation

Example Results

1.4 Waveaction —
Energy
Dissipated Energy

Energy / waveaction
N(w)
3
@
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Spectral Truncations, Bottlenecks and Thermalisation

Choices of spectral trunction

@ Itis necessary to truncate the calculation of collision
integrals at w = 2: modes having w > Q2 have N,, = 0.
@ In sum over triads we only include w; < wj < wk < Q.
@ However we must choose what to do with triads having
wj < wj < Q < wg (only relevant for Sy [N,,]).
@ These terms are included in the sum with weighted by v:
e v =1 : open truncation (dissipative)
e v = 0: closed truncation (conservative)
e 0 < v < 1: partially open truncation (dissipative)
@ “Boundary conditions” on the energy flux are not local for
integral collision operators.

WARWICK
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Spectral Truncations, Bottlenecks and Thermalisation

Open Truncation : v = 1 - Bottleneck Phenomenon

u @ Product kernel:
08 WM L(w1 s (,Ug) = (w1w2))‘/2.
: @ Open truncation can
s 06N\ __x
z e :ﬁ produce a bottleneck as
© s i the solution approaches
oa 200 —o— the dissipative cut-off
%;218 e (Falkovich 1994).
T R R @ Bottleneck does not
! occur for all L(wy,ws).
Compensated stationary e Energy flux at Q is 1.

spectra with open truncation.

WARWICK
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Spectral Truncations, Bottlenecks and Thermalisation

Closed Truncation: Thermalisation

@ Product kernel:

L(wy, wp) = (wiwa)2,

@ Closed truncation
produces thermalisation
near the cut-off (CC and
Nazarenko (2004),
Cichowlas et al (2005) ).

@ Thermalisation occurs
for all L(wq,w2).

@2 N(w)

Compensated quasi- .
stationary  spectra  with @ Energy fluxatQis 0.
closed truncation.

WARWICK
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Spectral Truncations, Bottlenecks and Thermalisation

Closed Truncation: Thermalisation

@ Product kernel:

L(wy, wp) = (wiwa)2,

@ Closed truncation
produces thermalisation
near the cut-off (CC and
Nazarenko (2004),

a0 —e— Cichowlas et al (2005) ).

@ Thermalisation occurs
for all L(wq,w2).

Bare quasi-stationary energy .
spectra with closed trunca- @ Energy fluxatis 0.
tion.
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Finite Capacity Cascades and Dissipative Anomaly

Finite and Infinite Capacity Cascades

Stationary KZ spectrum:

Total energy contained in the spectrum:

Q A1
E:CKz\/J/ dvow™ 2 .
1

@ E diverges as Q2 — o if A < 1 : Infinite Capacity .
@ E finite as Q — o if A > 1 : Finite Capacity .
Transition occurs at A = 1.

WARWICK
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Finite Capacity Cascades and Dissipative Anomaly

Dissipative Anomaly (decay problem, open truncation)

Finite capacity systems exhibit a dissipative anomaly in the
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Finite Capacity Cascades and Dissipative Anomaly

Dynamical Scaling

Self-similarity ansatz describing the establishment of the K-Z
spectrum (Falkovich and Shafarenko, 1991) :

N(w,7) =712 F(n)

propagating front with power law “wake”.

n==% t=t Infinite capacity case
A N = T =t*—t Finite capacity case
Forl 1LY Ty Dynamical scaling exponents, a and b.
ol “ a
o ] X =——

WARWICK

is the exponent of the wake.
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Finite Capacity Cascades and Dissipative Anomaly

Dynamical Scaling

Self-similarity requires : a+ (A +1)b = —1.
Profile F determined by integro-differential equation:

dF
j:bnd77 — aF = Si[F(n)] + Sz[F(n)] + Ss[F(n)]
Infinite capacity case:
@ Totalenergy E~t=2b+a=1.

_ )48 _ 2
®a=35%, b=-—35

@ x = 23 which is the K-Z exponent.
Finite capacity case:
e ?

WARWICK
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Finite Capacity Cascades and Dissipative Anomaly

Measuring dynamical scaling exponents

@ Finite capacity singularity

T (t — t*)P makes direct fitting
0s difficult.
R @ An easier measurement:
AN Mi(t) = [N
oOLinearf“D.s : %\5 2 R (t) _ Mn+1(t)
. . " Mn(?)
Measuring dynamical Rn(1)
scaling via Gs. Gn(t) = -
ing via Gs n(t) But)
Self-similarity ansatz = Gn(t) ~ 4(t — t*). (fit a linear function).

WARWICK
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Finite Capacity Cascades and Dissipative Anomaly

Is there a dynamical scaling anomaly?

@ Transient spectrum is often
N steeper than xk for finite

) / capacity cascades? (Galtier et
. L al. (2000), Lee (2000),

CC,Newell and Pomeau
(2003), CC and Nazarenko

e e, o (2004))

7Y T "7 e This phenomenon is not well
Dynamical scaling ex- understood.
ponents for product ker- e If there is an anomaly in
nel. general, it is very small.

WARWICK
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Cascades Without Backscatter

Cascades without back-scatter

The kinetic equation without backscatter:

dN

What are the effects of removing backscatter?
@ No thermalisation.
@ Bottleneck phenomenon remains.
@ A new type of singular solution emerges

WARWICK
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Cascades Without Backscatter

“Anomalous Dissipative Anomaly” (Dynamic
Nonlocality)

Decay problem :  Ly(wy,ws) = w} + w)

®) (A)
5
M=10" ——
1.4 Mot0? 1.4
1.2 M=107 1.2
M=10°
1 M=10!! 1
ﬁ 0.8 ﬁ 0.8
E i3
s S
[} 0.6 » 06
04 0.4
0.2 0.2
o - 0
[ 0.5 1 15 2 0 0.5 1 1.5 2
time time
For A > 1,as Q — oo, t* — 0 removing all energy. WARWICK
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Cascades Without Backscatter

“Reset” Phenomenon and Nonlocal Oscillations

@ Dynamic nonlocality in the
Numerics £-02'—— presence of a source leads to

Numerics e=-0.1
Nomers ¢:09 —— oscillatory behaviour.
0.8 Numerics €=0.2

@ In such situations, there is no
stationary state, no

N@)
°
>

I T self-similarity.
@ Unclear whether this
%o s w0 aw e phenomenon exists in the full
‘ 3WKE (can backscatter beat
_1+e 14€
Lwr,we) = wi™ +wp nonlocality?)

WARWICK
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Conclusions

Conclusions

@ New numerical method for solving the isotropic 3-wave
kinetic equation

@ Choice of spectral truncation allows one to produce
bottleneck and / or thermalisation phenomena.

@ Finite capacity systems exhibit a dissipative anomaly in the
usual sense.

@ Dynamical scaling exponents can be measured and do not
show a strong dynamical scaling anomaly (at least for the
product kernel).

@ Removal of backscatter terms from the kinetic equation
produces surprising new phenomena which suggest the
scaling theory of the full kinetic equation may also contain
hidden surprises. WARWICK
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